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INntroduction

* Why kinetic dispersion relation important? — Waves and
Instabilities are one of the most important feature of plasma.

* Why difficult to solve? —Many branches, difficult to convergent in
some parameters.

* What is PDRK?— The first kinetic plasma dispersion relation solver
that can give all the important solutions at one time without
requiring Initial guess for root finding.



Fquations

PDRK v181027 solves
uniform plasma dispersion
relation with loss-cone
drift bi-Maxwellian
equilibrium distribution
function.

Using Matlab, via matrix
transformation method.
(Also python version
provided by Dr. Xin TAO at
USTC)

For D(omega, k)=0, give k,
solve series omega(s).

fso(vp,vL) = fr(ve) fa(v))
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The standard linearized kinetic theory gives [Ichimarul973, p51]
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Solvers compare

Initial guess? | Fast? Support high Separate All solutions?
harmonic mode? modes?

WHAMP Must Fast Difficult Difficult
[Ronnmark1982]

NHD Must Middle ? ? No
[Verscharen 2018]

HOTRAY Must Middle Difficult Difficult No
[Hornel1989]

PDRK Not required  Middle Easy Easy Yes
[Xie2016]

What makes PDRK attractive? It solves the difficulty of root finding, i.e., not requires initial guess and
can give all the important solutions at one time. You do not need luck any more.

At v181027, PDRK have support loss cone drift bi-Maxwellian distribution, for both electromagnetic
and electrostatic cases. 4



Note, v181027 has combined all three
models (em3d, es3d, esld) in PDRK

Steps tO run PDRK Xie2016PST original paper to a single
version.
v’ EM3D: iem=1;
: - ‘ <y v' ES3D: iem=0;
* 1. Set species parameters in  ‘pdrk.in’ ; v ESID: lom=0. theta0.

Thus, it is extremely simple to switch
between em run and es rum.

* 2.5et  ‘setup.m’ |, BO, k, theta, etc;
*3.Run  ‘main.m’

* 4. After run ‘plot_all.m’ , zoom in and select which branch(es)
to further plot;

5 Setthe ‘wpdat’ In ‘pdrk wpdatm’ , ‘plot selectm’ will
search the solutions in the same branches in  ‘wpdat’ , and then
store and plot them:;

* 6. If you require polarization info, run  ‘output.m’



Typical cases 1. Cold plasma

pdrk.in

gs(e) ms (mp) ns(m”-3) Tzs (eV) Tps(eV) alphas Deltas vds/c
1 1 8.7e6 2.857e-3 2.857e-3 1.0 1.0 0.0

-1 5.447e-4 8.7e6 2.857e-3 2.857e-3 1.0 1.0 0.0

B0=100.0E-9; N=1; J=8; iem=1;
(ipa,ipb) = (1,1) scan k, fixed theta=60

pa=0:0.5:100



Solid lines: Fluid solver
PDRF results.

Dash lines: PDRK results.

We find good agreement,
except a slight difference
at large k for the ion
cyclotron wave, which is
damped due to kinetic
effect.
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Typical cases 2: Loss cone mirror

pdrk.in

gs(e) ms (mp) ns(m”-3) Tzs (eV)
1 1 l.e6 24840.

-1 5.447e-4 l.e6 24840.

B0=100.0E-9; N=3; J=8; iem=1;
(ipa,ipb) = (3,3) scan R fixed kx=0.5

pa=0:0.01:1

Tps (eV) alphas Deltas
49680. 0.5 0.1
24840. 0.5 0.1

Ensure your results are convergent

by trying a larger N.

vds/c
0.0
0.0



Current Folder

B Name &
b examples
P input
b modules
b output
# pdrk_main.m
Details
Workspace
Name & Value
HH bzj [-0.0173 - 0.046..
H c2
B cnj
HH col
H csnj
HH cSs1 .
H cwp 2.2770e+05
H czj [2.2377 - 1.6259..
Hd 345x1 complex d.
do 345x1 sym
HH Deltas [0.1000,0.1000]
H dpa 0.0100
H dpb 5
H epsilon0 8.8542e-12
figstr 'S=2_J=8_N=3_n..
H Gamn 5.2642e-14
H Gamnp 1.1594e-09
h 1x1 Figure
Hiab 2
rm. . -~

data to search dispersion surfaces.

+  Waiting for input

After run main.m and plot_all.m, zoom in the Fig(b) to select

A

‘wpdat’

Editor - /ENN/project/pdrk/v2_loss-cone/code/181017/code/input/pdrk_wpaat.

Find a point in
and set it into

‘plot_all’
‘odrk_wpdat.m’

figure

J pdrk_main.m

Lpdrk em3d.in Lpdrk setup.m J pdrk_wpdat.m

o ~NO LA WN B

‘Plot_select’

Jx

I_pdrk setup.m

pdrk_plot_select.

B
* Lwhamp_dat.m

R
ﬁ17+AL
M

% 18-10-19 17:56 Hua-sheng XIE, huashengxie@gmail.com, FRI-ENN, Chj
% Ackn.: Richard Denton (Dartmouth), Xin Tao (USTC), Jin-song (PMO),
% etc ...
% Initial data for run pd @ © @ Figure 1
Fil Edit Vi | Is Desk Wi Hel ¥
% Search the most closcll ile Edit | iew |lsert 3 esktop indow elp
% Initial data for find 1 @ Kk SA ODEL- 2 0E o 1O
% Please use pdrk_plot_al Y = 1, 8 =2 1 (b) v,/c=0.4073, k_c/w_=0.5
% modify here the initial g0 "l 1 A x p

o°

wpdat(:,1) is pa; wpdat
wpdat(:,3) is Re or Im(

o°

= wpdat=[0.44,0,0.0571i;
0.22,0,0.0511;
0.47,0,-0.15831;
0.41,0,-0.29631;

]

o1’ npa=101,npb¥d

will use all these r
. runtime=18.431s

———— ! Set the 1st species to be ion i
———— ! you hope wcsl=omega_ci and cwp= c/omega pi.
wcsl [1st species cyclotron frequency, Hz] = 9.5791
wpsl [1st species plasma frequency, Hz] = 1316.5763
cwp [c/wpsl, m] = 227704.2438

run ./modules/pdrk_kernel.m ...
use 18.1675 s, toal 18.431s

run ./modules/pdrk_plot_all.m ...
use 3.2443 s, toal 21.6753s

Please update 'wpdat' in './input/pdrk_wpdat.m' firstly.
This step is to determine which branch(es) you hope to output/store.
After set the 'wpdat', press any key to continue.
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, press enter, we obtain the follow figure.

O] @ Editor - /ENN/prO_]eCt/de'k/VZ loss-cone/code/181017/code/input/pdrk_ wpdat m
1 whamp_dat.m

i+l [ pdrk_main.m

Lpdrk em3d.in

Lpdrk setup.m

I pdrk_wpdat.m

1 )
After set ‘wpdat
Current Folder
IE Name &
I examples
8 input
B modules
b output
#) pdrk_main.m
Details ~
Workspace =
Name & Value
H bzj [-0.0173 - 0.046..
HH c2 8.9874e+16
H cnj -5.2870e+04 - 7..
H col 8
H csnj 1x336 complex d.
H css1 2.1815e+06
H cwp 2.2770e+05
H czj [2.2377 - 1.6259..
Hd 345x1 complex d.
[&] do 345x1 sym
HH datstart [0.4100 + 0.0000.
H Deltas [0.1000,0.1000]
H dpa 0.0100
H dpb 5
H epsilon0 8.8542e-12
figstr 'S=2_J=8_N=3_n..
H Gamn 8.2262e-16
H Gamnp 7.2471e-11
@ h 1x1 Figure

"+ Waiting for input

¥in Tan (LIQTC)

View Insert Tools

* Lpd rk_plot_all.m

|+

1

18-10-19 17:56 Hua-sheng XIE, huashengxie@gmail.com, FRI-ENN, China
lin—cann Zhan (PMN)

Figure 1

Desktop Window Help

NEES h AR

T9OEN- 2 0EH O

1 %

2 % Ackn.: Richard Denton (Dartmauth)

3 % etc ... @

4 % Initial data for run p File Edit

5

6 % Search the most close

7 % Initial data for find

8 % Please use pdrk_plot_a

9 % modify here the initia

10 v 05

11 % wpdat(:,1) is pa; wpda e 0

12 % wpdat(:,3) is Re or Im

13 v -0.5

14 -  wpdat=[0.44,0,0.057i; bt

15 0.22,0,0.0511; s -

16 0.47,0,-0.15831; 515

17 0.41,0,-0.2963i; 3

18 1; 3 -2
-2.5

—

Command Window
wpsl [1st species plasma freq
cwp [c/wpsl, m] = 227704.2438

@p=1 1,8,=2

1

--------
-
-

-
-------
-~ -
~
-~
~
-~

0.5
k c/w npa=101

run
use 17.0562 s, toal 17.4028s
run
use 3.3316 s, toal 20.7343s

./modules/pdrk_plot_all.m ...

Please update 'wpdat' in './input/pdrk_wpdat.m'

firstly.

This step is to determine which branch(es) you hope to output/store.
After set the 'wpdat', press any key to continue.

run
use 1.5247 s, toal 22.2591s

./modules/pdrk_plot_select.m ...

fx Press any key to continue for the last step:

run output.

(b) v,/c=0.0073, k clw =0.5, (S=2,N=3,J=8)

0.1

wlw , A=0.1
i ci

05

22
45z
-
& s

0 0.5

k clw

script

Ln 14 Col «Eé

p E
uency, Hzl = 1!1!.57!!

./modules/pdrk_kernel.m ...



Compare to WHAMP data, we find good agreement. However, WHAMP can only find one solution at one
time and require good initial guess for root finding.

(a) ,8"=1 1, 8 l=2 1 (b) v A/c=0.0073, kxc/wp=0.5, (S=2,N=3,J=8)
1 | :
] olessa e K% X'x
0 05! x x-% X% x-% X% *N:‘,M';‘:"- ~ 0 35'5‘;1‘-:* x ~\""~ x\x\ ______
o x«"x’ o = DR :‘----)E_—
[0 E A ’ -0.2 ¢ ‘\‘ ‘e XX Kexg
w0 -0.5 . “\
?I' = -0.4 ‘
S L <1 g6l ---- pdrk-mode 1 )
5450 0 T . 5 - - = = pdrk-mode 2 .
3 ' Thell 3 - = = = pdrk-mode 3 '
3 o s ] 37708 pdrk-mode 4 '
3! x whamp .
-2.5 ' -1 | :
0 0.5 1 0 0.5 1
k_c/lw_, npa=101 K_clw
z p Z P
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Typical cases 3: Parallel Multi-species Beam
mode

pdrk.in
gs(e) ms (mp) ns(m”-3) Tzs (eV) Tps (eV) alphas Deltas vds/c
1 1 2.528e5 3.5387e4 3.5387e4 1.0 1.0 0.0
-1 5.447e-4 3.16e5 2.831e4 2.831e4 1.0 1.0 3.7013e-3
1 1 3.16e4 28.31e4 28.31e4 1.0 1.0 3.7013e-2
1 2 3.16e4 28.31e4 28.31e4 1.0 1.0 0.0

B0=60.0E-9; N=1; J=8; iem=1;
(ipa,ipb) = (1,1) scan k, fixed theta=0
pa=0:0.01:1;

iout=2;



Good agreement to EM1D theta=0 dispersion relation solutions.

(a) B,=1 ) 1 1 1,8, =1 1 1 O(g) v,/c=0.0074, 0'=0, (S=4,N=1,J=8)

pdrk-1
- = = = pdrk-2 I
- 151 - = == pdrk-3 | — 0.1
: pdrk-4
+ EM1D DR-1 0
+ EM1D DR-2
-0.1
T 02
T 03
S -0.4 3
;3
3
-0.5 .
-1 ' -0.6 '
0 0.5 1 0 0.5 1

kc/w_, npa=101 kc/@
p P



[ Editor - /ENN/pFOJeCt/de’k/VZ loss- cone/code/181017/code/pdrk main.m

J pdrk_main.m

o°

Ackn.

o° of

o°

This
ile

o°

o°

handle all the same i

I pdrk_em3d.in

lipdrk setup.m

Lpdrk wpdat.m

Lpdrk plot_all.m

¥ Lpdrk_plot_select.m

®

X

Richard Denton

etc ...
18-10-13 10:37 update

[ NON )
File Edit

View

Insert

18-10-05 08:00 Hua- sheng XIE, huashengx1e@gma11 com, FRI-ENN, Chlna

Flgure 1

Tools Desktop Window Help

- lout=2, polarization are also
calculate.

035 de

s

LEMDREA- 2 0E a1

version:
With loss-cone,

Command Window
jpa=90,
jpa=91,
jpa=92,
jpa=93,
jpa=94,
jpa=95,
jpa=96,
jpa=97,
jpa=98,
jpa=99,

OO ~NOOULLEA WN B
o°

2. With module to s
3. Support output p

o°

o°

o°

o°

Use this file to star

close all;
clear; clc;

[}

% % set initial paramet

disp("
tic; runtime=0;

disp('run ./input/pdrk_
run ./input/pdrk_setup;
runtimel=toc; runtime=r

jpb=1
jpb=1
jpb=1
jpb=1
jpb=1
jpb=1
jpb=1
jpb=1
jpb=1
jpb=1

jpa=100, jpb=1
jpa=101, jpb=1

use 17.2228 s, toal 33.545s
Finished! Figures/data have b

fx >>

o

0.5
kchu

N
o

o
O

0.5 1
kcku

Energy E/Energy B
)

0 0.5 1
kc/w
p

kchu

We find Ey/(iIE_x)=+1 or -1, i.e
only left and right-hand
polarized modes. Agree with
theory.

14



Typical cases 4: Dispersion surface

pdrk.in
gs(e) ms (mp) ns(m”-3) Tzs (eV) Tps(eV) alphas Deltas vds/c
1 1 5.e6 12.94 12.94 1.0 1.0 0.0
-1 5.447e-4 5.e6 12.94 12.94 1.0 1.0 0.0

B0=5.0E-9; N=3; J=8; iem=1;
(ipa,ipb) = (1,2) scan 2D (k, theta)
pa=0:2:100;pb=0:5:90;

iout=1;



Firstly, theta=45, 1D scan k agrees with whamp.

(@) 3,=1.04 1.04,3 =1.04 1.04 (b) v,/c=0.00016, 0 =45, (S=2,N=3,J=8)
1 A
900 , 500 .
O'”“
800 | '/" OBxdewwccoama T
700 B "l' b ‘~g‘
X -500 t .
_ 600} ] _ X
500 | — ~10007
I 400 | ¥ 1500 |
\30 300 B "l . 35 -2000 i \“
3 200f | 3
l' '2500 B “
100 t x,' - %
‘ i | ---- pdrk-mode 1 N
oxX. . 1 3000 02 pdrk-mode 2 s
__________________ x whamp '
-100 ' -3500 .
0 50 100 0 50 100

kc/w , npa=101 kc/w
p p



. . , . . . . . . . . ,
The 2D scan with proper ‘wpdat’ gives a nice whistler wave dispersion surface. Give multi  ‘wpdat’ can
also plot other dispersion surfaces.
+1 | pdrk_main.m | pdrk_em3d.in | pdrk_setup.m | pdrk_wpdat.m | pdrk_plot_all.m | pdrk_plot_selectm | pdrk_plot_selectm | + |
5 =l
6 % Search the most close dispersion surfaces to these data.
7 % Initial data for find the corresprn-din~ dicmavcdion cuvfacan =
8 % Please use pdrk_plot_all.m to vis @ Figure 1
9 % modify here the initial point of File Edit View Insert Tools Desktop Window Help ]
10 Y 3 P ®, & El 2 - E
11 % wpdat(:,1) is pa; wpdat(:,2) is;DL’iiQ“aig h %R0 E A 2 08 =@
12 % wpdat(:,3) is Re or Im(omega) (a) ﬂ"=1-04 1.04, '3¢=1'04 1.04 (b) runtime=186.1586s
13 \\
14 % wpdat=[%84,0,-53.781; T
! T
15 %  69,0,-1529i; g@&%&w
16 % 1 o =M
17 T 1000 =
18 - wpdat=[%70,0,-152i; % for 2D scan = 800
19 90.5,85,-261.51; c
20 %94.5,85,-4331; o 600
- I S 400
22 e
23 % wpdat=[18,0,-12.91i; % 1D theta={ S 200
24 % 69,0,-15291; 3
25 % 1; 1 3 |
| 80 U
Command Window 60 100 100
Please update 'wpdat' in './input/pdrk_w 40 50
This step is to determine which branch(e 20
After set the 'wpdat', press any key to 6,ilogy=0 0 o ke/w_,ilogx=0 0 0 o kc/w
P p

run ./modules/pdrk_plot_select.m ...
use 1.8257 s, toal 185.5203s
Press any key to continue for the last step:

run output.

run ./modules/pdrk_output.m ...
use 0.63828 s, toal 186.1586s
Finished! Figures/data have been saved to
pdrk_plot_select
>> pdrk_plot_select
>> pdrk_plot_select
fx >>

../output/.




Typical cases 5: ES3D loss cone instability

pdrk.in
gs(e) ms (mp) ns(m”-3) Tzs (eV) Tps (eV) alphas Deltas vds/c
-1 5.447e-4 l.e6 1. 1. 1.0 1.0 0.0
-1 5.447e-4 l.e6 5.e2 5.e2 0.005 0.0 0.0

BO= 143.5E-9; R=1, J=8; lem=0; To normalized to cold lambda De,
we have rescaled the k-axis.

rex=abs (lambdaDs(1l)/cwp)=0.001398
pa=41:10:1700 8

(ipa,ipb) = (1,1) scan k, fixed theta=88.5

iout=1;

18



Left: pdrk electrostatic run, iem=0.
Right: pdrk electromagnetic run, iem=1.

Down: HOTRAY electrostatic result from X. Tao et al, 2018 (submitted).

(a) 5,=1.96e-05 0.00978, 3 =1.96e-05 0.00978(b)xv1dg=0.32, 0'=88.5, (S=2,N=4,J=8"
5 ' ' , 2 \ : -

S © 15 ‘
c 4 1 I
T ) PPt s bbbl u 0 .: \':\t
e - <1 5 [ | "' \\ ‘::\
I R 0 i "
N ER n
3 T 051 X
1 | Ttmmmmeee--- smmmmme -1 =S PR A |
0 0.5 1 1.5 2 0 0.5 1 sedoBesy
0.001 3988*kC/wp, npa=167 0.001 3988*kc/wp,§iem=0
2
4]— band 1
band 2
| D 14 band 3
Q? 3 X band 4
é‘ /,,,,7,: g
~— O 0 S N W ——
2' ‘\‘
\
\ |
1 B T _1 h
0 1 2 0 2

2

(a) ﬁ"=1.96e-05 0.00978, ,Bl=1.96e-05 0.00978(b)><vw{g=0.32, 0'=88.5, (S=2,N=4,J=8)
5 ‘ ‘ ‘ 2 , ,

8 © 15
O' 4 [
o 1 RN
‘ﬁ 3 I n B ettt aletetetalalele T 05 ,: :' \\'\ -\:‘
3 ] QM : v :’ ‘\ N
38 ....................... \3:) 0 AT ““-‘
32 3 A Y
S - 057 "

1 | "tme=eqecccnn- el _1 ' .l' | ' A |

0 0.5 1 1.5 2 0 0.5 1 AR o A 2

0.001 3988*kc/wp, npa=167

HOTRAY agrees with PDRK very well. And the
agreement between iem=0 and iem=1 imply that
the mode is indeed electrostatic mode.
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Typical cases 6: ES1D beam

pdrk.in
gs(e) ms (mp) ns(m”"-3) Tzs (eV)
-1 5.447e-4 0.9e6 1.
-1 5.447e-4 0.leb 1.

B0= 143.5E-9; N=1; J=8; iem=0;
(ipa,ipb) = (1,1) scan k, fixed theta=0
pa=0.1:2:400

iout=1;

Tps (eV) alphas Deltas vds/c
1. 1.0 1.0 0.0
1. 1.0 1.0 9.8913e-3

This is default beam test case in
Xie2016PST PDRK paper for ES1D version,
i.e., kperp=0, nb=0.1n0, ne=n0-nb and
vds(2)/vtzs(2)=5.0.

To normalized to omega pe and lambda De,
we have rescaled the k and omega-axis.
rex=abs (sqgrt(1l/sum(l./lambdaDs."2))/cwp)=0

.0013271;

rez=abs(wcs(1l)/sqrt(sum(wps2)))=0.44735;

20



Agree well with the original paper, i.e., kxlambda_De=0.2, the most unstable mode omega=0.9785+0.2000i

(a) B,=1.76e-05 1.96e-06, 3, =1.76e-05 1.96e-06 (b) v,/c=0.45, §'=0, (S=2,N=1,J=8)

~ O - ~ 04
0.2 TR % 0.2,0.2
4 "—‘o - "’l \\\
i1 L I (. SUDSU I, 7 -
d ’o" q ~~~s ““'ﬁ~
© 2 ,—"" 5 -0.2 ~~~~ o
\3 ___________ \30 )
I L %=0:2,0.9785 " " " .~
S [T Lt S -0.41 v
g0 E s |
o R S P -
A L EEEE T TR 3
© 2 ' ' ' ' © -0.8 ' ' ' :
0 0.1 0.2 0.3 0.4 0 N 0.2 0.3 0.4

: 0
0.0013271 *kC/wp, npa=201 0.0013271 *kC/wp, iem=0



Enjoy!



If you meet any problems or find pdrk does not agree some benchmarks, please not hesitate
to email me (huashengxie@gmail.com), | will long term support this code. Thanks! The
suggestions to improve this code are appreciated.

Download: http://hsxie.me/codes/pdrk/

You are welcome to rewrite PDRK to other versions or other languages.

If you use this code, please cite:
[Xie2016] Huasheng Xie and Yong Xiao, PDRK: A General Kinetic Dispersion Relation Solver

for Magnetized Plasma, Plasma Science and Technology, 18, 2, 97 (2016). Update/Bugs fixed
at http://hsxie.me/codes/pdrk/ or https://github.com/hsxie/pdrk.
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