
Generalize PDRK-EM3D Dispersion Relation Solver from
Drift bi-Maxwellian Distribution to with Loss-cone

Hua-sheng XIE, huashengxie@gmail.com, FRI-ENN

Saturday 27th October, 2018

Start: 2018-10-06 17:42
The first version of PDRK-EM3D [Xie2016] support drift bi-Maxwellian distribution fs0 =

ns0f⊥(v⊥)fz(vz), with fz = ( ms
2πkBTsz

)1/2 exp[−ms(v‖−vds)2

2kBTsz
] and f⊥ = ms

2πkBTs⊥
exp[− msv2⊥

2kBTs⊥
]. In this

new version, we update it to also support the loss-cone distribution and thus can handle all the
same cases as in WHAMP [Ronnmark1982], with

f0j(v‖, v⊥) =
1

(π1/2vj)3
exp

[
− (

v‖
vj
− vdj)2

]{∆j

α1j

exp
(
− v2

⊥
α1jv2

j

)
+

1−∆j

α1j − α2j

[
exp

(
− v2

⊥
α1jv2

j

)
− exp

(
− v2

⊥
α2jv2

j

)]}
Here, vj is the thermal velocity of a component with temperature Tj = 1

2
mjv

2
j , and vdj is a

normalized drift velocity along the magnetic field. The parameters ∆j, α1j and α2j determine the
depth and size of the loss-cone and the temperature anisotrophy.

The other major updates are resolve the artificial solutions problem and provide a method to
separate different dispersion surface automatically.
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1 PDRK Equation

1.1 Equilibrium distribution function

We combine the PDRK and WHAMP notation of the drift bi-Maxwellian loss cone equilibrium
distribution function Fs0(v‖, v⊥) = ns0fs0(v‖, v⊥), with

fs0(v‖, v⊥) = f⊥(v⊥)fz(v‖) (1)

=
1

π3/2vztsv2
⊥ts

exp
[
−

(v‖ − vds)2

v2
zts

]{
∆s exp

(
− v2

⊥
v2
⊥ts

)
+

1−∆s

1− αs

[
exp

(
− v2

⊥
v2
⊥ts

)
− exp

(
− v2

⊥
αsv2

⊥ts

)]}
,

i.e.,

fz(v‖) =
1

π1/2vzts
exp

[
−

(v‖ − vds)2

v2
zts

]
, (2)

and

f⊥(v⊥) =
1

πv2
⊥ts

{
∆s exp

(
− v2

⊥
v2
⊥ts

)
+

1−∆s

1− αs

[
exp

(
− v2

⊥
v2
⊥ts

)
− exp

(
− v2

⊥
αsv2

⊥ts

)]}
, (3)

where vds is the parallel drift velocity, the vzts and v⊥ts are the parallel and perpendicular thermal
velocities and corresponding temperatures are Tzs = 1

2
kBmsv

2
zts and T⊥s = 1

2
kBmsv

2
⊥ts. We define

the temperature anisotropic λTs = Tzs/T⊥s. The parameters ∆s and αs determine the depth and
size of the loss-cone. Here, ∆ ∈ [0, 1], for max loss cone and no loss cone. If ∆s = 1 or αs = 1, the
above equation reduced to drift bi-Maxwellian distribution.

We can separate fs0⊥ to two sub-distributions fs0⊥ =
(

1−αs∆s

1−αs

)
fs0⊥a +

(
−αs+αs∆s

1−αs

)
fs0⊥b, with

fs0⊥a(v⊥) =
1

πv2
⊥ts

exp
(
− v2

⊥
v2
⊥ts

)
, (4)

and

fs0⊥b(v⊥) =
1

παsv2
⊥ts

exp
(
− v2

⊥
αsv2

⊥ts

)
. (5)

And thus fs0 can be treated as two bi-Maxwellian distributions fs0 =
(

1−αs∆s

1−αs

)
fs0a+

(
−αs+αs∆s

1−αs

)
fs0b,

with
∫
fs0adv =

∫
fs0bdv =

∫
fs0dv = 1.

Note: Two perpendicular temperatures, and thus requires two bs and as.

1.2 Notations

Note the definition of vts, i.e., vts =
√

2kBTs
ms

, not vts =
√

kBTs
ms

. Other notations: ω2
ps = ns0q2s

ε0ms
,

Ωs = qsB0

ms
, λ2

Ds = ε0kBTzs
ns0q2s

, ζsn = ω−kzvds−nΩs
kzvzts

, ηsn = ω−nΩs
kzvzts

, ωsn = ω − kzvds − nΩs, as = k⊥ρcs,

bs = k2
⊥ρ

2
cs, ρcs =

√
kBTs⊥
ms

1
Ωs

= v⊥ts√
2Ωs

, Γn(b) = In(b)e−b, In is the modified Bessel function.

Note carefully that two perpendicular temperatures relevant terms, we have labelled them by
a and b: T⊥sa,b, v⊥tsa,b, λTsa,b, bsa,b, asa,b and ρcsa,b.
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1.3 Dispersion relation

1.3.1 Start equation

The background magnetic field is assumed to be B0 = (0, 0, B0), and the wave vector k =
(kx, 0, kz) = (k sin θ, 0, k cos θ), which gives k⊥ = kx and k‖ = kz. In the absence of external
sources, the electric field E(ω,k) of a wave with frequency ω and wave vector k satisfies a wave
equation

D(ω,k) ·E = 0, (6)

where D can be expressed in terms of the dielectric tensor K(ω,k) as

D(ω,k) = K(ω,k) + (kk − k2I)
c2

ω2
, (7)

where I is the unit tensor and c = 1/
√
ε0µ0 is the speed of light. And the relation to conductivity

tensor σ is
K = I − σ/(iωε0), (8)

with the relation between current J and electric field E be

J = σ ·E. (9)

The dispersion relation is

|D(ω,k)| =

∣∣∣∣∣∣
Kxx − c2k2

ω2 cos2 θ Kxy Kxz + c2k2

ω2 sin θ cos θ

Kyx Kyy − c2k2

ω2 Kyz

Kzx + c2k2

ω2 sin θ cos θ Kzy Kzz − c2k2

ω2 sin2 θ

∣∣∣∣∣∣ = 0, (10)

The standard linearized kinetic theory gives [Ichimaru1973, p51]

K(ω,k) =
(

1−
ω2
p

ω2

)
I +

∑
s

ω2
ps

ω2

∞∑
n=−∞

∫
dv

Πs

ω − k‖v‖ − nΩs

(nΩs

v⊥

∂fs0
∂v⊥

+ k‖
∂fs0
∂v‖

)
, (11)

and

Πs =

 (nΩs
k⊥
Jn)2 inΩs

k⊥
v⊥JnJ

′
n

nΩs
k⊥
v‖J

2
n

−inΩs
k⊥
v⊥JnJ

′
n (v⊥J

′
n)2 −iv⊥v‖JnJ ′n

nΩs
k⊥
v‖J

2
n iv⊥v‖JnJ

′
n (v‖Jn)2

 , (12)

where
∫
dv ≡ 2π

∫∞
0
v⊥dv⊥

∫∞
−∞ dv‖, Bessel function Jn = Jn(k⊥v⊥

Ωs
) and ω2

p =
∑

s ω
2
ps.

For Bessel function, we have [Stix1992 p256]: J ′n(x) = [Jn−1(x) − Jn+1(x)]/2, nJn(x)/x =
[Jn−1(x) + Jn+1(x)]/2,

∑∞
n=−∞ J

2
n = 1,

∑∞
n=−∞ JnJ

′
n = 0,

∑∞
n=−∞ nJ

2
n = 0,

∑∞
n=−∞(J ′n)2 = 1

2
,∑∞

n=−∞
n2J2

n(x)
x2

= 1
2
,
∑∞

n=−∞ nJnJ
′
n = 0, Jn(−x) = J−n(x) = (−1)nJn(x), and

∑∞
m 6=0,n=−∞ JnJn+m =

0.
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1.3.2 Final dispersion relation

For the loss cone distribution function Eq.(1), we have

K(ω,k) =
(

1−
ω2
p

ω2

)
I +

∑
s

ω2
ps

ω2

[1− αs∆s

1− αs
χsa +

−αs + αs∆s

1− αs
χsb

]
, (13)

with

χsσ =
∞∑

n=−∞

∫
dv

Πs

ω − k‖v‖ − nΩs

(nΩs

v⊥

∂fs0σ
∂v⊥

+ k‖
∂fs0σ
∂v‖

)
, (14)

σ = a, b, and(nΩs

v⊥

∂fs0
∂v⊥

+ k‖
∂fs0
∂v‖

)
= −2

[nΩs

v2
⊥ts

+
k‖(v‖ − vds)

v2
zts

]
fs0a − 2

[ nΩs

αsv2
⊥ts

+
k‖(v‖ − vds)

v2
zts

]
fs0b, (15)

i.e., (nΩs

v⊥

∂fs0σ
∂v⊥

+ k‖
∂fs0σ
∂v‖

)
= −2

[ nΩs

v2
⊥tsσ

+
k‖(v‖ − vds)

v2
zts

]
fs0σ. (16)

Use ∫ ∞
−∞

fz
ω − kzv‖ − nΩs

dv‖ = − 1

kzvzts
Z(ζsn), (17)∫ ∞

−∞

kz(v‖ − vds)fz
ω − kzv‖ − nΩs

dv‖ = −[1 + ζsnZ(ζsn)], (18)∫ ∞
−∞

[kz(v‖ − vds)]2fz
ω − kzv‖ − nΩs

dv‖ = −ωsn[1 + ζsnZ(ζsn)], (19)∫ ∞
−∞

[kz(v‖ − vds)]3fz
ω − kzv‖ − nΩs

dv‖ = −k
2
zv

2
zts

2
− ω2

sn[1 + ζsnZ(ζsn)], (20)

we have

χsσ = −2
∞∑

n=−∞

∫
dv

Πs

ω − kzv‖ − nΩs

[ nΩs

v2
⊥tsσ

+
kz(v‖ − vds)

v2
zts

]
fs0σ, (21)
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and

χ11
sσ = −2

∞∑
n=−∞

∫
dv

(nΩs
k⊥
Jn)2

ω − kzv‖ − nΩs

[ nΩs

v2
⊥tsσ

+
kz(v‖ − vds)

v2
zts

]
fs0σ (22)

= 4π
∞∑

n=−∞

∫ ∞
0

v⊥dv⊥

{ n3Ω3
s

k2
⊥v

2
⊥tsσ

J2
n

1

kzvzts
Z(ζsn) +

n2Ω2
s

k2
⊥v

2
ztsσ

J2
n[1 + ζsnZ(ζsn)]

}
fs0⊥σ

= 2
∞∑

n=−∞

{ n3Ω3
s

k2
⊥v

2
⊥tsσ

1

kzvzts
Z(ζsn) +

n2Ω2
s

k2
⊥v

2
ztsσ

[1 + ζsnZ(ζsn)]
}

Γn(bsσ)

=
∞∑

n=−∞

{ nΩs

kzvzts
Z(ζsn) +

1

λTsσ
[1 + ζsnZ(ζsn)]

}n2Γn(bsσ)

bsσ

=
∞∑

n=−∞

{
1 + ζs0Z(ζsn) +

( 1

λTsσ
− 1
)

[1 + ζsnZ(ζsn)]
}n2Γn(bsσ)

bsσ

= 1 +
∞∑

n=−∞

{
ζs0Z(ζsn) +

( 1

λTsσ
− 1
)

[1 + ζsnZ(ζsn)]
}n2Γn(bsσ)

bsσ
,

χ12
sσ = −χ21

sσ = −2
∞∑

n=−∞

∫
dv

inΩs
k⊥
v⊥JnJ

′
n

ω − kzv‖ − nΩs

[ nΩs

v2
⊥tsσ

+
kz(v‖ − vds)

v2
zts

]
fs0σ (23)

= 4π
∞∑

n=−∞

∫ ∞
0

v⊥dv⊥

{ nΩs

kzvzts
Z(ζsn) +

1

λTsσ
[1 + ζsnZ(ζsn)]

}
i
nΩs

k⊥v2
⊥tsσ

v⊥JnJ
′
nfs0⊥σ

=
∞∑

n=−∞

{ nΩs

kzvzts
Z(ζsn) +

1

λTsσ
[1 + ζsnZ(ζsn)]

}
ine−bsσ [I ′n(bsσ)− In(bsσ)]

=
∞∑

n=−∞

{
1 + ζs0Z(ζsn) +

( 1

λTsσ
− 1
)

[1 + ζsnZ(ζsn)]
}
ine−bsσ [I ′n − In]

=
∞∑

n=−∞

{
ζs0Z(ζsn) +

( 1

λTsσ
− 1
)

[1 + ζsnZ(ζsn)]
}
inΓ′n,

χ22
sσ = −2

∞∑
n=−∞

∫
dv

(v⊥J
′
n)2

ω − kzv‖ − nΩs

[ nΩs

v2
⊥tsσ

+
kz(v‖ − vds)

v2
zts

]
fs0σ (24)

= 4π
∞∑

n=−∞

∫ ∞
0

v⊥dv⊥

{ nΩs

kzvzts
Z(ζsn) +

1

λTsσ
[1 + ζsnZ(ζsn)]

} v2
⊥

v2
⊥tsσ

(J ′n)2fs0⊥σ

=
∞∑

n=−∞

{ nΩs

kzvzts
Z(ζsn) +

1

λTsσ
[1 + ζsnZ(ζsn)]

}
e−bsσ [

n2

bsσ
In(bsσ) + 2bsσIn − 2bsσI

′
n]

= 1 +
∞∑

n=−∞

{
ζs0Z(ζsn) +

( 1

λTsσ
− 1
)

[1 + ζsnZ(ζsn)]
}

[n2Γn/bsσ − 2bsσΓ′n],
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χ13
sσ = −χ31

sσ = −2
∞∑

n=−∞

∫
dv

nΩs
k⊥
v‖J

2
n

ω − kzv‖ − nΩs

[ nΩs

v2
⊥tsσ

+
kz(v‖ − vds)

v2
zts

]
fs0σ (25)

= −2
∞∑

n=−∞

∫
dv

nΩs
k⊥
J2
n

1
kz

ω − kzv‖ − nΩs

[kz(v‖ − vds) + kzvds]
[ nΩs

v2
⊥tsσ

+
kz(v‖ − vds)

v2
zts

]
fs0σ

= −2
∞∑

n=−∞

∫
dv

nΩs
k⊥
J2
n

1
kz

ω − kzv‖ − nΩs

[
kzvds

nΩs

v2
⊥tsσ

+
(kzvds
v2
zts

+
nΩs

v2
⊥tsσ

)
kz(v‖ − vds) +

k2
z(v‖ − vds)2

v2
zts

]
fs0σ

= 4π
∞∑

n=−∞

∫ ∞
0

v⊥dv⊥

{ nΩs

v2
⊥tsσ

vds
vzts

Z(ζsn) +
(kzvds
v2
zts

+
nΩs

v2
⊥tsσ

)
[1 + ζsnZ(ζsn)] +

1

v2
zts

ωsn[1 + ζsnZ(ζsn)]
}nΩs

k⊥
J2
n

1

kz
fs0⊥σ

= 4π
∞∑

n=−∞

∫ ∞
0

v⊥dv⊥

{ nΩs

v2
⊥tsσ

vds
vzts

Z(ζsn) +
(ω − (1− λTsσ)nΩs

v2
zts

)
[1 + ζsnZ(ζsn)]

}nΩs

k⊥
J2
n

1

kz
fs0⊥σ

= 2
∞∑

n=−∞

{ nΩs

v2
⊥tsσ

vds
vzts

Z(ζsn) +
(ω − (1− λTsσ)nΩs

v2
zts

)
[1 + ζsnZ(ζsn)]

}nΩs

k⊥

1

kz
Γn

= 2
∞∑

n=−∞

[kz√λTsσ
v⊥tsσ

ω

kzvzts
+
{
ζs0Z(ζsn) +

( 1

λTsσ
− 1
)

[1 + ζsnZ(ζsn)]
}kz√λTsσ

v⊥tsσ
ηsn

]nΩs

k⊥

1

kz
Γn

=
∞∑

n=−∞

{
ζs0Z(ζsn) +

( 1

λTsσ
− 1
)

[1 + ζsnZ(ζsn)]
}√2λTsσ

asσ
ηsnnΓn,

We hav used:
{

nΩs
v2⊥tsσ

vds
vzts

Z(ζsn)+
(
ω−(1−λTsσ)nΩs

v2zts

)
[1+ζsnZ(ζsn)]

}
=
{

nΩs
v2⊥tsσ

vds
vzts

Z(ζsn)+ kz
v⊥tsσ

√
λTsσ

(
ω−nΩs+λTsσnΩs

kzvzts

)
[1+

ζsnZ(ζsn)]
}

= kz
√
λTsσ

v⊥tsσ

{
nΩs

kzvds
k2zv

2
zts
Z(ζsn)+ 1

λTsσ

(
ηsn+λTsσnΩs

kzvzts

)
[1+ζsnZ(ζsn)]

}
= kz

√
λTsσ

v⊥tsσ

{
nΩs

kzvds
k2zv

2
zts
Z(ζsn)+

ηsn

(
1

λTsσ
− 1

)
[1 + ζsnZ(ζsn)] + ηsn[1 + ζsnZ(ζsn)] + nΩs

kzvzts
[1 + ζsnZ(ζsn)]

}
= kz

√
λTsσ

v⊥tsσ

{
ω

kzvzts
+

nΩs
kzvds
k2zv

2
zts
Z(ζsn)+ηsn

(
1

λTsσ
−1
)

[1+ζsnZ(ζsn)]+ ω
kzvzts

ζsnZ(ζsn)
}

= kz
√
λTsσ

v⊥tsσ

ω
kzvzts

+kz
√
λTsσ

v⊥tsσ
ηsn

{
ζs0Z(ζsn)+(

1
λTsσ
− 1
)

[1 + ζsnZ(ζsn)]
}

, and
∑∞

n=−∞ nΓn = 0.
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χ32
sσ = −χ32

sσ = −2
∞∑

n=−∞

∫
dv

iv⊥v‖JnJ
′
n

ω − kzv‖ − nΩs

[ nΩs

v2
⊥tsσ

+
kz(v‖ − vds)

v2
zts

]
fs0σ (26)

= 4π
∞∑

n=−∞

∫ ∞
0

v⊥dv⊥

{ nΩs

v2
⊥tsσ

vds
vzts

Z(ζsn) +
(ω − (1− λTsσ)nΩs

v2
zts

)
[1 + ζsnZ(ζsn)]

}
iv⊥JnJ

′
n

1

kz
fs0⊥σ

=
∞∑

n=−∞

{ nΩs

v2
⊥tsσ

vds
vzts

Z(ζsn) +
(ω − (1− λTsσ)nΩs

v2
zts

)
[1 + ζsnZ(ζsn)]

}ik⊥v2
⊥tsσ

kzΩs

e−bsσ [I ′n − In]

=
∞∑

n=−∞

[kz√λTsσ
v⊥tsσ

ω

kzvzts
+
{
ζs0Z(ζsn) +

( 1

λTsσ
− 1
)

[1 + ζsnZ(ζsn)]
}kz√λTsσ

v⊥tsσ
ηsn

]ik⊥v2
⊥tsσ

kzΩs

Γ′n

=
∞∑

n=−∞

{
ζs0Z(ζsn) +

( 1

λTsσ
− 1
)

[1 + ζsnZ(ζsn)]
}√

2λTsσiηsnasσΓ′n,

we have used
∑∞

n=−∞ Γ′n = 0.

χ33
sσ = −2

∞∑
n=−∞

∫
dv

(v‖Jn)2

ω − kzv‖ − nΩs

[ nΩs

v2
⊥tsσ

+
kz(v‖ − vds)

v2
zts

]
fs0σ (27)

= −2
∞∑

n=−∞

∫
dv

J2
n

1
k2z

ω − kzv‖ − nΩs

[k2
z(v‖ − vds)2 + 2kzvdskz(v‖ − vds) + k2

zv
2
ds]
[ nΩs

v2
⊥tsσ

+
kz(v‖ − vds)

v2
zts

]
fs0σ

= −2
∞∑

n=−∞

∫
dv

J2
n

1
k2z

ω − kzv‖ − nΩs

[
k2
zv

2
ds

nΩs

v2
⊥tsσ

+
(k2

zv
2
ds

v2
zts

+
2kzvdsnΩs

v2
⊥tsσ

)
kz(v‖ − vds)

+
(2kzvds
v2
zts

+
nΩs

v2
⊥tsσ

)
k2
z(v‖ − vds)2 +

k3
z(v‖ − vds)3

v2
zts

]
fs0σ

= 4π
∞∑

n=−∞

∫ ∞
0

v⊥dv⊥

{ nΩs

v2
⊥tsσ

kzv
2
ds

vzts
Z(ζsn) +

(k2
zv

2
ds

v2
zts

+
2kzvdsnΩs

v2
⊥tsσ

)
[1 + ζsnZ(ζsn)] +

(2kzvds
v2
zts

+
nΩs

v2
⊥tsσ

)
ωsn[1 + ζsnZ(ζsn)] +

k2
z

2
+
ω2
sn

v2
zts

[1 + ζsnZ(ζsn)]
}
J2
n

1

k2
z

fs0⊥σ

= 2
∞∑

n=−∞

{ nΩs

v2
⊥tsσ

kzv
2
ds

vzts
Z(ζsn) +

(k2
zv

2
ds

v2
zts

+
2kzvdsnΩs

v2
⊥tsσ

)
[1 + ζsnZ(ζsn)] +

(2kzvds
v2
zts

+
nΩs

v2
⊥tsσ

)
ωsn[1 + ζsnZ(ζsn)] +

k2
z

2
+
ω2
sn

v2
zts

[1 + ζsnZ(ζsn)]
} 1

k2
z

Γn

= 2
∞∑

n=−∞

{k2
z

2
+
λTsσ
v2
zts

[ω2 − nΩsω + nΩskzvds]

+k2
zλTsση

2
sn

(
ζs0Z(ζsn) + (

1

λTsσ
− 1)[1 + ζsnZ(ζsn)]

)} 1

k2
z

Γn

= 1 + 2λTsση
2
s0 +

∞∑
n=−∞

{
ζs0Z(ζsn) + (

1

λTsσ
− 1)[1 + ζsnZ(ζsn)]

}
2λTsση

2
snΓn,
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We have used:
{

nΩs
v2⊥tsσ

kzv2ds
vzts

Z(ζsn) +
(
k2zv

2
ds

v2zts
+ 2kzvdsnΩs

v2⊥tsσ

)
[1 + ζsnZ(ζsn)] +

(
2kzvds
v2zts

+ nΩs
v2⊥tsσ

)
ωsn[1 +

ζsnZ(ζsn)] + k2z
2

+ ω2
sn

v2zts
[1 + ζsnZ(ζsn)]

}
=
{
k2z
2

+ nΩs
v2⊥tsσ

kzv2ds
vzts

Z(ζsn) +
[(

k2zv
2
ds

v2zts
+ 2kzvdsnΩs

v2⊥tsσ

)
+
(

2kzvds
v2zts

+

nΩs
v2⊥tsσ

)
ωsn+ ω2

sn

v2zts

]
[1+ζsnZ(ζsn)]

}
=
{
k2z
2

+ nΩs
v2⊥tsσ

kzv2ds
vzts

Z(ζsn)+ 1
v2zts

[(k2
zv

2
ds+λTsσ2kzvdsnΩs)+(2kzvds+

λTsσnΩs)ωsn+ω2
sn][1+ ζsnZ(ζsn)]

}
=
{
k2z
2

+ nΩs
v2⊥tsσ

kzv2ds
vzts

Z(ζsn)+ 1
v2zts

[(ω−nΩs)
2 +λTsσnΩs(ω−nΩs+

kzvds)][1 + ζsnZ(ζsn)]
}

=
{
k2z
2

+ nΩs
v2⊥tsσ

kzv2ds
vzts

Z(ζsn) + λTsσ
v2zts

[(ω − nΩs)
2 + nΩs(ω − nΩs + kzvds)][1 +

ζsnZ(ζsn)]+ λTsσ
v2zts

(ω−nΩs)
2(1/λTsσ−1)[1+ζsnZ(ζsn)]

}
=
{
k2z
2

+ nΩs
v2⊥tsσ

kzv2ds
vzts

Z(ζsn)+ λTsσ
v2zts

[ω2−nΩsω+

nΩskzvds][1 + ζsnZ(ζsn)] + λTsσ
v2zts

(ω − nΩs)
2(1/λTsσ − 1)[1 + ζsnZ(ζsn)]

}
=
{
k2z
2

+ λTsσ
v2zts

[ω2 − nΩsω +

nΩskzvds] +
[
nΩs
v2⊥tsσ

kzv2ds
vzts

+ λTsσ
v2zts

(ω2 − nΩsω + nΩskzvds)ζsn

]
Z(ζsn) + λTsσ

v2zts
(ω− nΩs)

2(1/λTsσ − 1)[1 +

ζsnZ(ζsn)]
}

=
{
k2z
2

+ λTsσ
v2zts

[ω2 − nΩsω + nΩskzvds] + λTsσ
kzv3zts

[
nΩsk

2
zv

2
ds + (ω2 − nΩsω + nΩskzvds)(ω−

kzvds − nΩs)
]
Z(ζsn) + λTsσ

v2zts
(ω − nΩs)

2(1/λTsσ − 1)[1 + ζsnZ(ζsn)]
}

=
{
k2z
2

+ λTsσ
v2zts

[ω2 − nΩsω +

nΩskzvds]+
λTsσ
kzv3zts

(ω−nΩs)
2(ω−kzvds)Z(ζsn)+ λTsσ

v2zts
(ω−nΩs)

2(1/λTsσ−1)[1+ζsnZ(ζsn)]
}

=
{
k2z
2

+

λTsσ
v2zts

[ω2− nΩsω+ nΩskzvds] + k2
zλTsση

2
sn

(
ζs0Z(ζsn) + ( 1

λTsσ
− 1)[1 + ζsnZ(ζsn)]

)}
,
∑∞

n=−∞ nΓn = 0

and
∑∞

n=−∞ Γn = 1.
Thus, we have

K(ω,k) = I+
∑
s

ω2
ps

ω2

∑
σ=a,b

rsσ

[ ∞∑
n=−∞

{ζs0Z(ζsn)+(
1

λTsσ
−1)[1+ζsnZ(ζsn)]}Xσn+2η2

s0λTsσL
]
, (28)

with

Xσn =

 n2Γn/bsσ inΓ′n (2λTsσ)1/2ηsn
n
asσ

Γn
−inΓ′n n2Γn/bsσ − 2bsσΓ′n −i(2λTsσ)1/2ηsnasσΓ′n

(2λTsσ)1/2ηsn
n
asσ

Γn i(2λTsσ)1/2ηsnasσΓ′n 2λTsση
2
snΓn

 , (29)

rsa =
(

1−αs∆s

1−αs

)
, rsb =

(
−αs+αs∆s

1−αs

)
, and the matrix components of L are all zero except for Lzz = 1.

Note: If αs = 1, to avoid the singularity, we should set rsa = 1 and rsb = 0 in the code.
If no loss cone, i.e., rsb = 0 , the

∑
σ=a,b is only

∑
σ=a with rsa = 1 and the above dispersion

relation reduces to the drift bi-Maxwellian version [Miyamoto2004 p210] used in previous PDRK.

1.4 The Linear Transformation

Consider that the K(ω,k) and Xσn is very similar to the previous version drift bi-Maxwellian
PDRK, the linear transformation could also be very similar, and we can follow the original PDRK
derivation directly.

To seek an equivalent linear system, the Maxwells equations

∂tE = c2∇×B − J/ε0, (30a)

∂tB = −∇×E, (30b)
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do not need to be changed. We only need to seek a new linear system for J = σ ·E. It is easy to
find that after J-pole expansion, the relations between J and E has the following form Jx

Jy
Jz

 =

 a11 +
∑

snjm
bsnjm11

ω−csnjm11
a12 +

∑
snjm

bsnjm12

ω−csnjm12
a13 +

∑
snjm

bsnjm13

ω−csnjm13

a21 +
∑

snjm
bsnjm21

ω−csnjm21
a22 +

∑
snjm

bsnjm22

ω−csnjm22
a23 +

∑
snjm

bsnjm23

ω−csnjm23

a31 +
∑

snjm
bsnjm31

ω−csnjm31
a32 +

∑
snjm

bsnjm32

ω−csnjm32
a33 +

∑
snjm

bsnjm33

ω−csnjm33
+ d33ω


 Ex

Ey
Ez

 .

(31)
Fortunately, noting the relations in Z function (

∑
j bj = −1,

∑
j bjcj = 0 and

∑
j bjc

2
j = −1/2)

and in Bessel functions [
∑∞

n=−∞ In(b) = eb,
∑∞

n=−∞ nIn(b) = 0,
∑∞

n=−∞ n
2In(b) = beb], we find

that aij = 0 (i, j = 1, 2, 3) and d33 = 0. Eq.(31) can be changed further to

 Jx
Jy
Jz

 = −iε0


b11
ω

+
∑

snj
bsnj11
ω−csnj

b12
ω

+
∑

snj
bsnj12
ω−csnj

b13
ω

+
∑

snj
bsnj13
ω−csnj

b21
ω

+
∑

snj
bsnj21
ω−csnj

b22
ω

+
∑

snj
bsnj22
ω−csnj

b23
ω

+
∑

snj
bsnj23
ω−csnj

b31
ω

+
∑

snj
bsnj31
ω−csnj

b32
ω

+
∑

snj
bsnj32
ω−csnj

b33
ω

+
∑

snj
bsnj33
ω−csnj


 Ex

Ey
Ez

 . (32)

Combining Eqs. (30) and (32), the equivalent linear system for (10) can be obtained as

ωvsnjx = csnjvsnjx + bsnj11Ex + bsnj12Ey + bsnj13Ez,
ωjx = b11Ex + b12Ey + b13Ez,
iJxε0 = jx +

∑
snj vsnjx,

ωvsnjy = csnjvsnjy + bsnj21Ex + bsnj22Ey + bsnj23Ez,
ωjy = b21Ex + b22Ey + b23Ez,
iJy/ε0 = jy +

∑
snj vsnjy,

ωvsnjz = csnjvsnjz + bsnj31Ex + bsnj32Ey + bsnj33Ez,
ωjz = b31Ex + b32Ey + b33Ez,
iJz/ε0 = jz +

∑
snj vsnjz,

ωEx = c2kzBy − iJx/ε0,
ωEy = −c2kzBx + c2kxBz − iJy/ε0,
ωEz = −c2kxBy − iJz/ε0,
ωBx = −kzEy,
ωBy = kzEx − kxEz,
ωBz = kxEy,

(33)

which yields a sparse matrix eigenvalue problem. Again, the symbols vsnjx, jx,y,z and Jx,y,z used here
do not have direct physical meanings but are analogy to the perturbed velocity and current density
in the fluid derivations of plasma waves. The elements of the eigenvector (Ex, Ey, Ez, Bx, By, Bz)
still represent the original electric and magnetic fields. Thus, the polarization of the solutions can
also be obtained in a straightforward manner. The dimension of the matrix is NN = 3× (SNJ +
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1) + 6 = 3× [S × (2×N + 1)× J + 1] + 6. The coefficients are

bsnj11 =
∑

σ rsσω
2
psbj(1− kzbj0/csnj)n2Γn/bs,

b11 =
∑

σ rsσ
∑

snj ω
2
psbj(kzbj0/csnj)n

2Γn/bs,

bsnj12 =
∑

σ rsσω
2
psbj(1− kzbj0/csnj)inΓ′n,

b12 =
∑

σ rsσ
∑

snj ω
2
psbj(kzbj0/csnj)inΓ′n,

bsnj21 = −bsnj12 , b21 = −b12,
bsnj22 =

∑
σ rsσω

2
psbj(1− kzbj0/csnj)(n2Γn/bs − 2bsΓ

′
n),

b22 =
∑

σ rsσ
∑

snj ω
2
psbj(kzbj0/csnj)(n

2Γn/bs − 2bsΓ
′
n),

bsnj13 =
∑

σ rsσω
2
psbj[cj/λTs + nωcsbj0/(csnjvzts)]n

√
2λTsΓn/αs,

b13 = −
∑

σ rsσ
∑

snj ω
2
psbj[nωcsbj0/(csnjvzts)]n

√
2λTsΓn/αs,

bsnj31 = bsnj13 , b31 = b13,
bsnj23 = −i

∑
σ rsσω

2
psbj[cj/λTs + nωcsbj0/(csnjvzts)]

√
2λTsΓ

′
nαs,

b23 = i
∑

σ rsσ
∑

snj ω
2
psbj[nωcsbj0/(csnjvzts)]

√
2λTsΓ

′
nαs,

bsnj32 = −bsnj23 , b32 = −b23,
bsnj33 =

∑
σ rsσω

2
psbj[(cj/λTs + bj0nωcs/(csnjvzts)](vds/vzts + cj)2λTsΓn,

b33 =
∑

σ rsσ
∑

snj ω
2
psbj[n

2ω2
csbj0/(csnjv

2
ztskz)]2λTsΓn,

csnj = kzcjvzts + kzvds + nωcs,

(34)

where bj0σ = vds + (1 − 1/λTsσ)cjvzts. Note that we have used bsnj33 =
∑

σ rsσω
2
psbj[(cj/λTsσ +

bj0nωcs/(csnjvzts)](vds/vzts + cj)2λTsΓn, instead of the original bsnj33 =
∑

σ rsσω
2
psbj[(vds/vzts +

cj)cj/λTs + nωcsbj0((1− nωcs/csnj)/v2
zts)/kz]2λTsΓn, though they are equivalent (see appendix).

Note the only difference to the previous drift bi-Maxwellian PDRK is the
∑

σ rsσ for σ = a, b. If
no loss cone, i.e., rsb = 0 , the

∑
σ=a,b is only

∑
σ=a with rsa = 1 and the above linear transformation

matrix reduces to the previous drift bi-Maxwellian version PDRK [Xie2016].
If aij 6= 0, then the equivalent linear transformation is still straightforward. If d33 6= 0, then

the equivalent linear transformation will be more complicated. For our purposes, we do not need
to discuss these cases.

1.5 The polarizations

2018-10-17 14:30
PDRK can obtain (Ex, Ey, Ez, Bx, By, Bz) directly1 from the matrix eigenvalue problem. Con-

sidered that the magnitude of the wave has no meaning for a linear system, we should do normal-
izations. We set |E| = 1mV/m and Ex = Re(Ex).

Some other useful: electric field energy UE = ε0
2
E ·E∗, magnetic field energy UB = 1

2µ0
B ·B∗,

energy flux Poynting vector S = 1
µ0
E ×B∗. P = Ey/iEx.

2 Benchmark

Based on above derivations with loss cone, we have updated PDRK to a new version pdrk-v2. A
benchmark of this new version with PDRK is shown in Fig.1, with β//p = β//e = 1, Tp,⊥/Tp,// = 2

1In principle, PDRK can also obtain (Ex, Ey, Ez) as in standard 3 × 3 matrix D · E = 0. To obtain group
velocity vg = dω/dk or do ray tracing, we may also need ∂D/∂ω and ∂D/∂k.
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and Te,⊥/Te,// = 1. Good agreement is obtained. We should noticed that PDRK can give all
the important solutions at once, whereas WHAMP requires carefully setting initial guess for root
finding.

The input data in pdrk.in are

qs(e) ms(mp) ns(m^-3) Tzs(eV) Tps(eV) alphas Deltas vds/c

1 1 1.e6 24840. 49680. 0.5 0.1 0.0

-1 5.447e-4 1.e6 24840. 24840. 0.5 0.1 0.0

and magnetic field B0=100.0E-9 T.

0 0.5 1
kzc/!pi

-2.5

-2

-1.5

-1

-0.5

0

0.5

1

!
r/!

cp
, ,

=0
.5

   
   

 0
.5

(a) -||=1         1, -
?

=1         2

0 0.5 1
kzc/!pi

-1

-0.8

-0.6

-0.4

-0.2

0

!
i/!

cp
, "

=0
.1

   
   

 0
.1

(b) vA/c=0.0073, kxc/!pi=0.5, (N=3, J=8)

pdrk-mode 1
pdrk-mode 2
pdrk-mode 3
pdrk-mode 4
whamp

Figure 1: The pdrk-v2 agrees with WHAMP for the mirror mode with loss cone at k⊥c/ωpi = 0.5,
with loss cone parameters αe,i = 0.5 and ∆e,i = 0.1.

A Useful integrals

Plasma dispersion function Z(ζ)

Z(ζ) =
1√
π

∫ ∞
−∞

1

x− ζ
e−x

2

dx,

dZ

dζ
= −2(1 + ζZ),

1√
π

∫ ∞
−∞

x2

x− ζ
e−x

2

dx =
1√
π

∫ ∞
−∞

(x− ζ)(x+ ζ) + ζ2

x− ζ
e−x

2

dx = ζ + ζ2Z(ζ),
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and some other useful integrals∫ ∞
0

x2ne−x
2/a2dx =

a2n+1(2n− 1)!!

2n+1

√
π,∫ ∞

0

x2n+1e−x
2/a2dx =

n!

2
a2n+2,∫ ∞

0

xe−x
2/2J2

p (
√
bx)dx = e−bIp(b) = Γp(b),∫ ∞

0

x3e−x
2/2J2

p (
√
bx)dx = 2e−b[(1− b+ p)Ip(b) + bIp+1(b)],

where Jp and Ip are Bessel and modified Bessel functions, respectively. Note the integral range is
from 0 to ∞. We can further obtain∫ ∞

0

x2e−x
2/2JpJ

′
pdx ≡

∫ ∞
0

x2e−x
2/2Jp(

√
bx)

dJp(
√
bx)

d(
√
bx)

dx =

∫ ∞
0

x2e−x
2/2 1

2
√
b

d(J2
p )

dx
dx

= x2e−x
2/2 1

2
√
b
J2
p

∣∣∣∞
0
−
∫ ∞

0

1

2
√
b

d(x2e−x
2/2)

dx
J2
pdx =

1

2
√
b

∫ ∞
0

(x3 − 2x)e−x
2/2J2

pdx

=
1√
b

{
e−b[(1− b+ p)Ip(b) + bIp+1(b)]− e−bIp(b)

}
=
e−b√
b

[(−b+ p)Ip(b) + bIp+1(b)] = · · · .

Note: Γ′n(b) = (I ′n − In)e−b, I ′n(b) = (In+1 + In−1)/2, I−n = In. Fortunately, noting the
relations in Z function (

∑
j bj = −1,

∑
j bjcj = 0 and

∑
j bjc

2
j = −1/2) and in Bessel functions

[
∑∞

n=−∞ In(b) = eb,
∑∞

n=−∞ nIn(b) = 0,
∑∞

n=−∞ n
2In(b) = beb].

Note:
∑∞

n=−∞ nΓ′n = e−b
∑∞

n=−∞ n( In+1+In−1

2
− In) = e−b

∑∞
n=1 n( In+1+In−1−I−n+1−I−n−1

2
− In +

I−n) = 0;
∑∞

n=−∞ nΓn = e−b
∑∞

n=−∞ nIn = e−b
∑∞

n=1 n(In−I−n) = 0;
∑∞

n=−∞ Γ′n = e−b
∑∞

n=−∞( In+1+In−1

2
−

In) = 0;
∑∞

n=−∞ Γn = e−b
∑∞

n=−∞ In = 1;
From [Stix1992 p257], we have

1

πw2

∫ ∞
0

2πvdvJ2
n

(kv
Ω

)
e−v

2/w2

= e−λIn(λ),

1

πw2

∫ ∞
0

2πv2dvJn

(kv
Ω

)
J ′n

(kv
Ω

)
e−v

2/w2

= −kw
2

2Ω
e−λ[In(λ)− I ′n(λ)],

1

πw2

∫ ∞
0

2πv3dv
[
J ′n

(kv
Ω

)]2

e−v
2/w2

=
w2

2
e−λ
[n2

λ
In(λ) + 2λIn − 2λI ′n

]
,

with λ = k2w2

2Ω2 .

B The electromagnetic dispersion relation

B.1 Basic idea

Firstly [Gurnett2005 sec.9.3]

k × (k ×E) +
ω2

c2
K ·E = 0, (35)
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where E is the electric field of the wave and K is the dielectric tensor. And the current density

J = σ ·E. (36)

Once the conductivity tensor σ is known, the dielectric tensor can be computed using K =
I − σ/(iωε0). Compared with Eq.(10), we find that for EM3D dispersion relation

σ = −iε0
∑
s

ω2
ps

ω

∑
σ=a,b

rsσ

[ ∞∑
n=−∞

{ζs0Z(ζsn) + (
1

λTsσ
− 1)[1 + ζsnZ(ζsn)]}Xσn + 2η2

s0λTsσL
]
. (37)

Combine the above equation and

Z(ζ) ' ZJ(ζ) =
J∑
j=1

bj
ζ − cj

, (38)

we can obtain Eq.(31) and the final transform matrix. Here, bj and cj are constants for given J ,
as given in [Xie2016].

B.2 More details

Note
1

ω

b

ω − c
=
b

c

( 1

ω − c
− 1

ω

)
,

we have

Y ≡ ζ0Z(ζn)− (1− 1

λT
)[1 + ζnZ(ζn)]

=
J∑
j=1

ζ0bj
ζn − cj

− (1− 1

λT
)
[
1 +

J∑
j=1

ζnbj
ζn − cj

]
=

J∑
j=1

bj

[
1 +

cjkzvzts + nΩs

ω − csnj

]
− (1− 1

λT
)
[
1 +

∑
bj +

J∑
j=1

bjcj
ζn − cj

]
= −1 +

J∑
j=1

bjcjkzvzts + bjnΩs

ω − csnj
− (1− 1

λT
)

J∑
j=1

bjcjkzvzts
ω − csnj

= −1 +
J∑
j=1

bj(cjkzvzts/λT + nΩs)

ω − csnj
,
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where we have defined csnj = kzvds + nΩs + kzvztscj and used
∑J

j=1 bj = −1, and thus

A ≡ Y

ω
= − 1

ω
+

1

ω

J∑
j=1

bj(cjkzvzts/λT + nΩs)

ω − csnj

= − 1

ω
+

J∑
j=1

bj(cjkzvzts/λT + nΩs)/csnj
ω − csnj

−
J∑
j=1

bj(cjkzvzts/λT + nΩs)/csnj
ω

=
J∑
j=1

bj(cjkzvzts/λT + nΩs)/csnj
ω − csnj

+
J∑
j=1

bj[1− (cjkzvzts/λT + nΩs)/csnj]

ω

=
J∑
j=1

bj
csnj

[(cjkzvzts/λT + nΩs)

ω − csnj
+
kzbj0
ω

]
=

J∑
j=1

bj
csnj

(csnj − kzbj0
ω − csnj

+
kzbj0
ω

)
,

where we have defined bj0 = vds + (1− 1/λT )cjvzts, and note that cjkzvzts/λT +nΩs = csnj − kzbj0.
And

ηnA =
ω − nΩs

kzvzts

J∑
j=1

bj
csnj

(csnj − kzbj0
ω − csnj

+
kzbj0
ω

)
=

J∑
j=1

bj
csnjkzvzts

[
(csnj − kzbj0)

(
1 +

kzvds + kzvztscj
ω − csnj

)
+ kzbj0 −

kzbj0nΩs

ω

]
=

J∑
j=1

bj
csnjkzvzts

[
(csnj − kzbj0)

(kzvds + kzvztscj)

ω − csnj
− kzbj0nΩs

ω
+ (csnj − kzbj0) + kzbj0

]
= − 1

kzvzts
+

J∑
j=1

bj
csnjvzts

[
(csnj − kzbj0)

(vds + vztscj)

ω − csnj
− bj0nΩs

ω

]
= − 1

kzvzts
+

J∑
j=1

bj
csnjvzts

(csnjcjvzts/λT + nΩsbj0
ω − csnj

− bj0nΩs

ω

)
,

14



where we have used that csnjcjvzts/λT + nΩsbj0 = (kzvds + nΩs + kzvztscj)cjvzts/λT + nΩsvds +
nΩs(1− 1/λT )cjvzts = (cjkzvzts/λT + nΩs)(vds + vztscj) = (csnj − kzbj0)(vds + vztscj). And

η2
nA =

ω − nΩs

kzvzts

{
− 1

kzvzts
+

J∑
j=1

bj
csnjvzts

[
(csnj − kzbj0)

(vds + vztscj)

ω − csnj
− bj0nΩs

ω

]}
= − ω

k2
zv

2
zts

+
nΩs

k2
zv

2
zts

+ (ω − nΩs)
J∑
j=1

bj
csnjkzv2

zts

[
(csnj − kzbj0)

(vds + vztscj)

ω − csnj
− bj0nΩs

ω

]
= − ω

k2
zv

2
zts

+
nΩs

k2
zv

2
zts

+
J∑
j=1

bj
csnjkzv2

zts

[
(csnj − kzbj0)(vds + vztscj)

(
1 +

kzvds + kzvztscj
ω − csnj

)
+
bj0n

2Ω2
s

ω
− bj0nΩs

]
= − ω

k2
zv

2
zts

+
nΩs

k2
zv

2
zts

+
J∑
j=1

bj
csnjkzv2

zts

[
(csnj − kzbj0)

kz(vds + vztscj)
2

ω − csnj
+
bj0n

2Ω2
s

ω

]
+

J∑
j=1

bjcj
kzvzts

= − ω

k2
zv

2
zts

+
nΩs

k2
zv

2
zts

+
J∑
j=1

bj
csnjkzv2

zts

[
(csnj − kzbj0)

kz(vds + vztscj)
2

ω − csnj
+
bj0n

2Ω2
s

ω

]
,

where we have noticed (csnj − kzbj0)(vds + vztscj) − bj0nΩs = (cjkzvzts/λT + nΩs)(vds + vztscj) −
bj0nΩs = (vdscjkzvzts/λT +vdsnΩs+vztscjcjkzvzts/λT +vztscjnΩs)−nΩsvds−nΩs(1−1/λT )cjvzts =

(vdscjkzvzts/λT + vztscjcjkzvzts/λT + nΩscjvzts/λT ) = csnjcjvzts/λT , and used
∑J

j=1 bjcj = 0.
Use Eq.(29) and compare with Eq.(31):

• A has no constant term, ⇒ a11 = a12 = a21 = a22 = 0.

•
∑∞

n=−∞ nΓn = e−b
∑∞

n=−∞ nIn = e−b
∑∞

n=1 n(In− I−n) = 0, and ηnA has only constant term
− 1
kzvzts

, ⇒ a13 = a31 = 0.

•
∑∞

n=−∞ Γ′n = e−b
∑∞

n=−∞( In+1+In−1

2
− In) = 0, and ηnA has only constant term − 1

kzvzts
, ⇒

a23 = a32 = 0.

•
∑∞

n=−∞ Γn = e−b
∑∞

n=−∞ In = 1. Thus using η2
nA, the first two terms of σ33, i.e., terms ω1

and ω0 are, −iε0
∑

s ω
2
ps

[∑
n 2λTΓn

(
− ω

k2zv
2
zts

+ nΩs
k2zv

2
zts

)
+

2η20λT
ω

]
= −iε0

∑
s ω

2
ps

[
− 2λT

ω
k2zv

2
zts

+

2ωλT
k2zv

2
zts

]
= 0, ⇒ a33 = 0 and d33 = 0.

Not used yet:
∑∞

n=−∞ nΓ′n = e−b
∑∞

n=−∞ n( In+1+In−1

2
− In) = e−b

∑∞
n=1 n( In+1+In−1−I−n+1−I−n−1

2
−

In + I−n) = 0.
After the above steps, we can obtain Eq.(32) and corresponding coefficients in Eq.(34). For

examples

• b11 =
∑

s ω
2
ps

∑
σ=a,b rsσ

∑
n
n2Γn
bsσ

∑J
j=1

bjkzbj0σ
csnj

=
∑

snj

∑
σ=a,b rsσω

2
psbj(kzbj0σ/csnj)n

2Γn/bsσ.

• bsnj11 =
∑

σ=a,b rsσω
2
ps
n2Γn
bs

bj(csnj−kzbj0)

csnj
=
∑

σ=a,b rsσω
2
psbj(1− kzbj0/csnj)n2Γn/bs.
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• b12 =
∑

s ω
2
ps

∑
σ=a,b rsσ

∑
n inΓ′n

∑J
j=1

bjkzbj0
csnj

=
∑

snj

∑
σ=a,b rsσω

2
psbj(kzbj0/csnj)inΓ′n.

• bsnj12 =
∑

σ=a,b rsσω
2
psinΓ′n

bj(csnj−kzbj0)

csnj
=
∑

σ=a,b rsσω
2
psbj(1− kzbj0/csnj)inΓ′n.

• bsnj21 = −bsnj12, b21 = −b12.

• b22 =
∑

s ω
2
ps

∑
σ rsσ

∑
n(n2Γn/bs−2bsΓ

′
n)
∑J

j=1
bjkzbj0
csnj

=
∑

snj

∑
σ rsσω

2
psbj(kzbj0/csnj)(n

2Γn/bs−
2bsΓ

′
n).

• bsnj22 =
∑

σ rsσω
2
ps(n

2Γn/bs − 2bsΓ
′
n)

bj(csnj−kzbj0)

csnj
=
∑

σ rsσω
2
psbj(1 − kzbj0/csnj)(n

2Γn/bs −
2bsΓ

′
n).

• b13 = −
∑

s ω
2
ps

∑
σ rsσ

∑
n nΓn(

√
2λTs/αs)

∑J
j=1

bjbj0nΩs
csnjvzts

= −
∑

snj

∑
σ rsσω

2
psbj[bj0nΩs/(csnjvzts)]

√
2λTsnΓn/αs.

• bsnj13 =
∑

σ rsσω
2
psnΓn(

√
2λTs/αs)

bj
csnjvzts

(csnjcjvzts/λTs + nΩsbj0)

=
∑

σ rsσω
2
psbj[cj/λTs + nΩsbj0/(csnjvzts)]

√
2λTsnΓn/αs.

• bsnj31 = bsnj13, b31 = b13.

• b23 = i
∑

s ω
2
ps

∑
σ rsσ

∑
n Γ′n(

√
2λTsαs)

∑J
j=1

bjbj0nΩs
csnjvzts

= i
∑

snj

∑
σ rsσω

2
psbj[bj0nΩs/(csnjvzts)]

√
2λTsΓ

′
nαs.

• bsnj23 = −iω2
ps

∑
σ rsσΓ′n(

√
2λTsαs)

bj
csnjvzts

(csnjcjvzts/λTs + nΩsbj0)

= −iω2
ps

∑
σ rsσbj[cj/λTs + nΩsbj0/(csnjvzts)]

√
2λTsΓ

′
nαs.

• bsnj32 = −bsnj23, b32 = −b23.

• b33 =
∑

s ω
2
ps

∑
σ rsσ

∑
n 2λTsΓn

∑J
j=1

bjbj0n
2Ω2

s

csnjkzv2zts
=
∑

snj

∑
σ rsσω

2
psbj[bj0n

2Ω2
s/(csnjkzv

2
zts)]2λTsΓn.

• bsnj33 =
∑

σ rsσω
2
ps2λTsΓn

bj(csnj−kzbj0)(vds+vztscj)
2

csnjv2zts
=
∑

σ rsσω
2
psbj

(csnjcjvzts/λT+bj0nΩs)(vds+vztscj)

csnjv2zts
2λTsΓn

=
∑

σ rsσω
2
psbj[(cj/λTs + bj0nΩs/(csnjvzts)](vds/vzts + cj)2λTsΓn

=
∑

σ rsσω
2
psbj[(vds/vzts + cj)cj/λTs + nΩsbj0(vds/vzts + cj)/(csnjvzts)]2λTsΓn

=
∑

σ rsσω
2
psbj[(vds/vzts + cj)cj/λTs + nΩsbj0(1− nΩs/csnj)/(kzv

2
zts)]2λTsΓn.

B.3 Parallel propagation

For parallel propagation modes, k⊥ = 0, i.e., bs = 0. We have I0 = 1, In6=0 = 0. In(x) ' 1
n!

(
x
2

)n
,

when x� n and n ≥ 0. See also, [Gurnett2005 sec. 9.3]
Thus, we have

|D(ω,k)| =

∣∣∣∣∣∣
Kxx − c2k2

ω2 Kxy 0

Kyx Kyy − c2k2

ω2 0
0 0 Kzz

∣∣∣∣∣∣ =
[(
Kxx −

c2k2

ω2

)(
Kyy −

c2k2

ω2

)
−KxyKyx

]
Kzz = 0,
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i.e., we obtain a electrostatic branch Kzz = 0, and two electromagnetic branch (noting that
Kxx = Kyy and Kxy = −Kyx)

D(k, ω) = Kxx −
c2k2

ω2
± iKxy = 0,

Kxx = 1 +
∑
s

ω2
ps

ω2

∑
σ=a,b

rsσ

∞∑
n=−∞

{ζs0Z(ζsn) + (
1

λTsσ
− 1)[1 + ζsnZ(ζsn)]}n2Γn/bsσ,

Kxy =
∑
s

ω2
ps

ω2

∑
σ=a,b

rsσ

∞∑
n=−∞

{ζs0Z(ζsn) + (
1

λTsσ
− 1)[1 + ζsnZ(ζsn)]}inΓ′n.

Thus, the two electromagnetic branches are

D(k, ω) = 1− c2k2

ω2
+
∑
s

ω2
ps

ω2

∑
σ=a,b

rsσ

∞∑
n=−∞

{ζs0Z(ζsn) + (
1

λTsσ
− 1)[1 + ζsnZ(ζsn)]}[n2Γn/bsσ ∓ nΓ′n]

= 1− c2k2

ω2
+
∑
s

ω2
ps

ω2

∑
σ=a,b

rsσ{ζs0Z(ζsn) + (
1

λTsσ
− 1)[1 + ζsnZ(ζsn)]}|n=±1

= 0, (39)

with ζsn = ω−kzvds−nΩs
kzvzts

, ηsn = ω−nΩs
kzvzts

, ωsn = ω − kzvds − nΩs. The above dispersion relation is
very simple and can be solved similar to ES1D Landau damping case with the use of exact Z(ζ)
function [Xie2013] (http://hsxie.me/codes/gpdf/).

Note: Γ′n(b) = (I ′n− In)e−b, I ′n(b) = (In+1 + In−1)/2, I−n = In. For b→ 0, I0 = 1, I−1 = I1 = b
2
,

I ′−1 = I ′1 = (I0 + I2)/2 = 1/2.

B.4 Electrostatic 3D

For electrostatic case, the dispersion relation reduces to Harris dispersion relation [Gurnett2005
sec.9.2]

D(ω,k) = 1 +
∑
s

ω2
ps

k2

∞∑
n=−∞

∫
dv

J2
n(k⊥v⊥/Ωs)

ω − k‖v‖ − nΩs

(nΩs

v⊥

∂fs0
∂v⊥

+ k‖
∂fs0
∂v‖

)
. (40)
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And for loss cone distribution

D(ω,k) = 1 +
∑
s

ω2
ps

k2

∞∑
n=−∞

∫
dv

J2
n(k⊥v⊥/Ωs)

ω − k‖v‖ − nΩs

(nΩs

v⊥

∂fs0
∂v⊥

+ k‖
∂fs0
∂v‖

)
= 1−

∑
s

ω2
ps

k2

∑
σ=a,b

rsσ

∞∑
n=−∞

∫
dv

J2
n(k⊥v⊥/Ωs)

ω − k‖v‖ − nΩs

2
[ nΩs

v2
⊥tsσ

+
k‖(v‖ − vds)

v2
zts

]
fs0σ

= 1 +
∑
s

ω2
ps

k2

∑
σ=a,b

rsσ4π
∞∑

n=−∞

∫ ∞
0

v⊥dv⊥J
2
n

{ nΩs

v2
⊥tsσ

1

kzvzts
Z(ζsn) +

1

v2
zts

[1 + ζsnZ(ζsn)]
}
fs0⊥σ

= 1 +
∑
s

ω2
ps

k2

∑
σ=a,b

rsσ2
∞∑

n=−∞

{ nΩs

v2
⊥tsσ

1

kzvzts
Z(ζsn) +

1

v2
zts

[1 + ζsnZ(ζsn)]
}

Γn(bsσ)

= 1 +
∑
s

1

k2λ2
Ds

∑
σ=a,b

rsσ

∞∑
n=−∞

{λTsσnΩs

kzvzts
Z(ζsn) + [1 + ζsnZ(ζsn)]

}
Γn(bsσ)

= 1 +
∑
s

1

k2λ2
Ds

{
1 +

∑
σ=a,b

rsσ

∞∑
n=−∞

ω − kzvds − (1− λTsσ)nΩs

kzvzts
Z(ζsn)Γn(bsσ)

}
, (41)

After J-pole expansion,

D(ω,k) ' 1 +
∑
s

1

k2λ2
Ds

{
1 +

∑
σ=a,b

rsσ

∞∑
n=−∞

ω − kzvds − (1− λTsσ)nΩs

kzvzts
ZJ(ζsn)Γn(bsσ)

}
= 1 +

∑
s

1

k2λ2
Ds

{
1 +

∑
σ=a,b

rsσ

∞∑
n=−∞

ω − kzvds − (1− λTsσ)nΩs

kzvzts

J∑
j=1

bj
ζsn − cj

Γn(bsσ)
}

= 1 +
∑
s

1

k2λ2
Ds

{
1 +

∑
σ=a,b

rsσ

∞∑
n=−∞

Γn(bsσ)[ω − kzvds − (1− λTsσ)nΩs]
J∑
j=1

bj
ω − csnj

}
= 1 +

∑
s

1

k2λ2
Ds

{
1 +

∑
σ=a,b

rsσ

∞∑
n=−∞

Γn(bsσ)
(
− 1 +

J∑
j=1

bj[csnj − kzvds − (1− λTsσ)nΩs]

ω − csnj

)}
= 1 +

∑
s

1

k2λ2
Ds

{ ∑
σ=a,b

rsσ

∞∑
n=−∞

Γn(bsσ)
J∑
j=1

bj[csnj − kzvds − (1− λTsσ)nΩs]

ω − csnj

}
= 1 +

∑
snj

bsnj
ω − csnj

= 0, (42)

where we have defined csnj = kzvds + nΩs + kzvztscj and used
∑J

j=1 bj = −1, and bsnj =∑
σ=a,b

1
k2λ2Ds

rsσΓn(bsσ)bj[csnj−kzvds−(1−λTsσ)nΩs] =
∑

σ=a,b
1

k2λ2Ds
rsσΓn(bsσ)bj(kzvztscj+λTsσnΩs).

The equivalent linear system can be{
ωnsnj = csnjnsnj + bsnjE,
ωE = −

∑
snj(csnjnsnj + bsnjE).

(43)

Note that we use ωE = ..., not directly E = −
∑
nsnj is to make the linear matrix M be sparse

in ωX = M ·X, with X = [nsnj, E]T .

18



If we further set k⊥ = 0, the ES3D case reduces to ES1D, i.e.,

D(ω,k) ' 1 +
∑
s

1

k2λ2
Ds

{ ∑
σ=a,b

rsσ

∞∑
n=−∞

Γn(bsσ)
J∑
j=1

bj[csnj − kzvds − (1− λTsσ)nΩs]

ω − csnj

}
= 1 +

∑
s

1

k2λ2
Ds

J∑
j=1

bj(cs0j − kzvds)
ω − cs0j

(44)

= 1 +
∑
s0j

bs0j
ω − cs0j

= 0,

due to that Γn6=0(0) = 0 and Γ0(0) = 1.

Last update: Saturday 27th October, 2018 16:33.
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