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The first version of PDRK-EM3D [Xie2016] support drift bi-Maxwellian distribution fs =

_ 2 2 .
nsOfL(UL)fz(vz)a with fz = (2TI']:'T;STSZ>1/2 exp[— mS;ZLTZjS) ] and fi = 27rkn;STSJ_ eXp[— QZlBS;}“:_]' In this

new version, we update it to also support the loss-cone distribution and thus can handle all the
same cases as in WHAMP [Ronnmark1982], with
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Here, v; is the thermal velocity of a component with temperature 7T} = %mjvf-, and vy is a

normalized drift velocity along the magnetic field. The parameters A;, a;; and a9, determine the
depth and size of the loss-cone and the temperature anisotrophy.

The other major updates are resolve the artificial solutions problem and provide a method to
separate different dispersion surface automatically.
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1 PDRK Equation

1.1 Equilibrium distribution function

We combine the PDRK and WHAMP notation of the drift bi-Maxwellian loss cone equilibrium
distribution function Fy(vy,v1) = ngofeo(v), vL), with

foo(v,v1) = fr(vi)f(v)) (1)
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where vy, is the parallel drift velocity, the v,;s and v Lts are the parallel and perpendicular thermal
velocities and corresponding temperatures are 1, = kBm vzts and T, = %kBmsvits. We define
the temperature anisotropic Aps = T.s/T) 5. The parameters A, and a, determine the depth and
size of the loss-cone. Here, A € [0, 1], for max loss cone and no loss cone. If A; =1 or ag = 1, the
above equation reduced to drift bi-Maxwellian distribution.

We can separate fy, to two sub-distributions fy, = (1 1“; s) fsola + <%§‘:Ab> fsoLp, With
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And thus f, can be treated as two bi-Maxwellian distributions f,, = <1 O S) f50a+< as+a$ S) fson,
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with ffs(]ad'v = fstbdv = ffsgd’l) =1.
Note: Two perpendicular temperatures, and thus requires two by and a,.

1.2 Notations
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by = k% p2,, Pes = ,/%Q% = \%;2, [, (b) = I,(b)e"?, I, is the modified Bessel function.

Note carefully that two perpendicular temperatures relevant terms, we have labelled them by
a and b: TJ_sa7ba V] tsa,bs )\Tsa,ba bsa,b7 Asa,b and Pesa,b-



1.3 Dispersion relation
1.3.1 Start equation

The background magnetic field is assumed to be By = (0,0, By), and the wave vector k =
(kz,0,k.) = (ksin®,0,kcosf), which gives k; = k, and kj = k.. In the absence of external
sources, the electric field E(w, k) of a wave with frequency w and wave vector k satisfies a wave
equation

D(w,k)-E =0, (6)

where D can be expressed in terms of the dielectric tensor K (w, k) as
2

D(w,k) = K(w, k) + (kk — /81)%, (7)

where I is the unit tensor and ¢ = 1/,/éypg is the speed of light. And the relation to conductivity
tensor o is

K =1 - o/(iwep), (8)

with the relation between current J and electric field E be

J=0c-E. 9)
The dispersion relation is
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The standard linearized kinetic theory gives [Ichimarul973, p51]
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For Bessel function, we have [St1x1992 p256]: J!(x) = [Jn 1(z) = Jpi1(2)]/2, ndyp(x)/x =
[Jn-1(2) + Jnsa(2)]/2, Zn__oo m= L ey =0, 30 oy =0, 30 () =3,
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where [dv =2r [[Zvidvy [7 dvy, Bessel function J, = J,, (



1.3.2 Final dispersion relation

For the loss cone distribution function Eq., we have
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Toq = <1I(_1—;AS>, Top = (%{%), and the matrix components of L are all zero except for L., = 1.
Note: If agz = 1, to avoid the singularity, we should set r,, = 1 and rg4 = 0 in the code.
If no loss cone, ie., 7y, =0, the > __ ,isonly > __  with r,, = 1 and the above dispersion

relation reduces to the drift bi-Maxwellian version [Miyamoto2004 p210] used in previous PDRK.

1.4 The Linear Transformation

Consider that the K(w, k) and X,, is very similar to the previous version drift bi-Maxwellian
PDRK, the linear transformation could also be very similar, and we can follow the original PDRK
derivation directly.

To seek an equivalent linear system, the Maxwells equations

HE = *V x B — J /e, (30a)
0B = -V x E, (30b)



do not need to be changed. We only need to seek a new linear system for J = o - E. It is easy to
find that after J-pole expansion, the relations between J and E has the following form
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a31 + an.]m W—Csnjm31 CL32 + an.]m W—Csnjm32 0/33 + anjm W—Csnjm33 + d33w
Fortunately, noting the relations in Z function ( 32, b; = —1, > . bjc; = 0 and . bjcj = 1/2)

and in Bessel functions [0 L, (b) = €® Y00 nI,(b) =0, Y07 n%I,(b) = be’], we find
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that a;; =0 (4,7 = 1,2,3) and d33 = 0. Eq. can be changed further to
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Combining Eqgs. and , the equivalent linear system for can be obtained as
( WUsnjz = CsnjUsnjx + bsnjllEac + bsnleEy + bsnleEzy
Wiz = bii By + bio By + bisE,
inﬁo = ]m + anj Vsnjx,
wvsnjy = Csnjvsnjy + bsnj21E:v + bsnj22Ey + bsnj23Eza
wiy = bo1 By + bog By + bas B,
iJy/€0 = Jy + anj Usnjy,
WUsnjz = CsnjUsnjz + bsnj31Eac + bsnj32Ey + bsnj33Ez>
wj, = ba1 By + bso 5y + b3z B, (33)
iJZ/Eo = jz + anj Usnjzs
wE, = k. B, — iJ,/¢o,
wk, = —?k, B, + *k, B, — iJ, /€0,
wE, = —?k, By — iJ. /o,
wB, = —k.E,,
wB, = kB, — ko E.,
\ wB, = k. Ey,

which yields a sparse matrix eigenvalue problem. Again, the symbols vgy s, Jzy.» and J; , . used here
do not have direct physical meanings but are analogy to the perturbed velocity and current density
in the fluid derivations of plasma waves. The elements of the eigenvector (E,, E,, E,, B,, B,, B.)
still represent the original electric and magnetic fields. Thus, the polarization of the solutions can
also be obtained in a straightforward manner. The dimension of the matrix is NN =3 x (SNJ +



1)+6=3x%[Sx(2x N+1)xJ+1]+6. The coefficients are
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623 = i Zo’ Tso anj wzsbj [nwcsbjO/(Csnjvzts)] \% 2)\TSF;10557
bsnj32 = _bsnj23 > b32 = _b237
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where bjo, = vgs + (1 — 1/Apse)cjvas. Note that we have used by, z3 = >, rwwgsbj[(cj/)\:rw +
bjonWes/ (Csnjsts)] (Vas/Vats + €5)2A1sy, instead of the original benjss = D, TseWpgbj[(Vas/Vats +
¢;)¢j/Ars + nwesbjo (1 — nwes/Csnj) [v2) [ k2|22 75T, though they are equivalent (see appendix).

Note the only difference to the previous drift bi-Maxwellian PDRK is the ) _r,, for o = a,b. If
no loss cone, i.e., gy = 0, the er:a.b is only ZU:a with r,, = 1 and the above linear transformation
matrix reduces to the previous drift bi-Maxwellian version PDRK [Xie2016].

If a;; # 0, then the equivalent linear transformation is still straightforward. If ds;3 # 0, then
the equivalent linear transformation will be more complicated. For our purposes, we do not need
to discuss these cases.

1.5 The polarizations

2018-10-17 14:30

PDRK can obtain (E,, E,, E,, B,, B, B,) directlyﬂ from the matrix eigenvalue problem. Con-
sidered that the magnitude of the wave has no meaning for a linear system, we should do normal-
izations. We set |E| = 1mV/m and E, = Re(E,).

Some other useful: electric field energy Up = ¢ E - E*, magnetic field energy Up = ﬁB - B*,
energy flux Poynting vector S = jE x B*. P=FE,/[iE,.

2 Benchmark

Based on above derivations with loss cone, we have updated PDRK to a new version pdrk-v2. A
benchmark of this new version with PDRK is shown in Fig, with 8/, = B//e =1, Tp 1 /Ty = 2

In principle, PDRK can also obtain (Ez, Ey, E.) as in standard 3 x 3 matrix D - E = 0. To obtain group
velocity vy = dw/dk or do ray tracing, we may also need 9D /0w and 0D /0k.
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and 1., /T, ;; = 1. Good agreement is obtained. We should noticed that PDRK can give all
the important solutions at once, whereas WHAMP requires carefully setting initial guess for root
finding.

The input data in pdrk.in are

s(e) ms (mp) ns(m~-3) Tzs (eV) Tps(eV) alphas Deltas vds/c
q p P p
1 1 1.e6 24840. 49680. 0.5 0.1 0.0
-1 5.447e-4 1.e6 24840. 24840. 0.5 0.1 0.0
and magnetic field BO=100.0E-9 T.
(a) ﬂ"=1 1, ,BL=1 2 (b) vA/c=0.0073, kxc/wpi=0.5, (N=3, J=8)
1 : :
- = X X % X
2 %X X KX o Of)sxxxx"x SO0
g 0.5 xxxx,‘xx x% %/ g \\ \\\xx
S ‘ 0.2 s T T
~ o N
=~ -~ ~ \
n - F R —
O 0.5 - 5 0.4 S o \
4 |n Se VTS
3 < 06 — — pdrk-mode 1 ~V N
815! - — — pdrk-mode 2
3 3° pdrk-mode 3
3 ol =--0.8 pdrk-mode 4 \
x whamp \
25 ‘ -1 ‘ '
0.5 1 0 0.5 1
k clw . k clw .
z pi z pi

Figure 1: The pdrk-v2 agrees with WHAMP for the mirror mode with loss cone at &k, ¢/w,; = 0.5,
with loss cone parameters a.; = 0.5 and A.; = 0.1.

A Useful integrals

Plasma dispersion function Z(()

[~ 1 _»

dz

d_C:—2(1+<’Z),

L™ 2 ey 1 [P+ +¢ e,
ﬁ/_oox—ce d“"‘ﬁ/_oo rmg ¢ E s,
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and some other useful integrals

o ?/a a®"t(2n — 1N
/0 xz € e - énJrl ) \/%’

o 2 TL'
/ x2n+1 —x2/a? dr = a2n+2
0

/oo we™ "2 J2(Vox)de = e 1,(b) = T, (D),
| e e = 2670 = b+ B 0) + by (1),

where J, and I, are Bessel and modified Bessel functions, respectively. Note the integral range is
from 0 to oo. We can further obtain

00 o) 1 d J2
/ IE2€_$2/2JpJZI)dZE E/ 2le "2 (\/5 )dj (\/_x) —/ e — ( p)dx
0 0 d(Vbx) 0 2vb dx

2 —x2/2 1 2

o0 1 d(z2e /2 2

= x’e J — Jde:—/ 2% — 22)e /2 ] 2dx
2v/b "o /0 Wb dx P 2vb Jo ( ) !

—b

= ST =D DL+ ba 0] = L0} = S+ D)+ by ()] =

Note: I7(b) = (I — I,)e ®, I'(b) = (Iny1 + In-1)/2, I_, = I,. Fortunately, noting the
relations in Z function ( Z bj = —1, 2, bjc; = 0 and ). bjc; = —1/2) and in Bessel functions
Do Tn(®) = €, 300 nln(D) =0, 3500 0?1 (D) = be”].

Note: Zoo nF/ = e_bz n(% _ ]n) — €_b ZZOZI n<1n+1+1n71_17n+1—17n71 - [n +

n——o00 n=—o0o 2
L,)=0;3% nal,=e?Y nl,=e?Y n(l,—1,)=0>2 Th=e?t30 (athi
In) = 07 Zzo:foo F” = e_b Zzozfoo [n = 17

From [Stix1992 p257], we have

1 > 9 k’U — 02 /w2 —A
e ) 2mvdvJ; <ﬁ>e Mt = e L(N),
1 > kv kv 2 /002 kw?
- 2 2d ( )/( )—v/w:__—A]n)\_]/)\
), () L) — 1LV
1 3 kv 2 wr o n?
] dv[J’( Q)} eI = e [Tln()\)+2)\[n—2)\[7’l],

k}22

with A =

B The electromagnetic dispersion relation

B.1 Basic idea
Firstly [Gurnett2005 sec.9.3]

2

kx(kxE)+°;’—2K~E:0, (35)
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where FE is the electric field of the wave and K is the dielectric tensor. And the current density
J=0o-E. (36)

Once the conductivity tensor o is known, the dielectric tensor can be computed using K =
I — o /(iwep). Compared with Eq.(10), we find that for EM3D dispersion relation

_ —ZEOZ sy oo S (Gl + (+

o=a,b n=-—00
Combine the above equation and

— D1+ CenZ (Csn)] } Xon + 27730)‘T80L - (37)

Tso

L (38)

we can obtain Eq. and the final transform matrix. Here, b; and ¢; are constants for given J,
as given in [Xie2016].

B.2 More details

Note 1 b b, 1 1
;w—c_z(w—c_;>7
we have
1
Y = (0Z(¢)— (1 - )\—T)[l + (a2 (Cn)]

J J
_ Cobj 1 nbj
B Z::Cn 1_E)|:1+j2:;<n_cj:|

J

= ibﬂ[ Cjkwvzts_FnQ} 1__ [1+Zb "‘Zcb% }

]:1 Csn] n - Cj

—_

- 1+

Z bjcjkzvzts + bans 1 1 Z bjcjkzvzts

j*l W — Csnj ( a E) =1 W — Csnj

_ —1—|—Z CijZtS/AT‘i‘nQ)’

Csnj

13



where we have defined c;,,; = k,vgs + 1825 + k,v.45¢; and used Z;']:I b; = —1, and thus

J
4 = Y l—l-lzbj cjkvzts/)\T—i-nQ)
w W ow i — Conyj
7=1
_ Z bi(cjk vVas /AT + n)s) [ Csnj B i bi(cik,vas/Ar 4+ nSs) [ Conj
‘= W — Csnj p w
_ i bi(CikVas/ A + n8ds) [ Conj N i bi[1 — (¢jkvas/Ar + n8ds) [ Conj]
: W — Csnj w
Jj=1 j=1
_ z“’: b; [(cjk s/ Ny +19) Kb } z": b; (CW Kibjo kzbj())
. Csnj W — Csnj w Csnj Csnj w ’
Jj=1 7j=1

where we have defined bjo = v4s + (1 — 1/Ap) v, and note that ¢k, v /Ar +nQs = conj — k2bjo.
And

A — w — nfl, J b; (Csnj_kzbj0+kzbj0>

W — Csnj w

kz Vgs + kz VztsCj

k.b;jonSs
)

(Cons — kabyo) (1+ )+ hibjo —

W — Cspj

(kzvds + kzvztscj) _ k'zbjonQS

W — Csnj w

- Z — [(Csnj - kzbjO) + (Csnj - kzbj()) t kzbjo]

= — L + Z bj [(Csnj — kzbjo

kzvzts j=1 Csnjvzts

)(Uds + Uztscj) _ bjOan]
— Csnj w

_ 1 n bj (Csnjcjvzts/)\T + anbjO _ bj[)TLQS>

kzvzts j=1 Csnjvzts W — Csnj w

14



where we have used that cg,;jcjv.es/Ar + nbjo = (kovas + n8ls + ky0245¢5) Vs /AT + N8 5045 +
(1 — 1/ Ap) Vs = (CikaVais/ A + 1) (Vas + Va15Cj) = (Csnj — k2bjo) (Vas + vasc;). And

J

5 w — nfl, { 1 bj [ (Vas + Va15C5) bjonQS} }
A4 = - Csnj — kzb -
T kzvzts kzvzts j=1 Csnjvzts ( ! ]0) - Csnj w
J
- v an + (w — nfy) b [(C — k.bjo) G ) - bjoan}
k:,g Uzts k,g Vzts j=1 Csn]k vzts ’ ’ W = Conj w
J
w nQS b; k,Vgs + kyUsisCs
= + —[csn~—kzb- Vds + Vz1sCj <1+ ])
k202, kz v, = Conihk v, (Conj j0) (Va tsC5) W — Cong
bion?Q?
250M 2% jOan:|
w
_ w TZQS i J bj |:(C kb )kz(vds + 'UZtst)Q I bj0n2Q§} J bjCj
kg Vs kg Vits j=1 Csnjk /Uzts o =0 - Csnj w —1 kzvzts

_ w TLQS 4 Z b] |:<C kb )kz(vds + Uztscj)z n b]0n2Q§i|
k:,g Vits kz gts j=1 Csn]k Uzts o =0 W — Csnj w ’

where we have noticed (csn; — k2bjo)(Vas + VasCj) — bjonSs = (Cikvas /A + 1) (Vas + VatsCj) —
bjonSls = (VasCikoVats/ Ar +0asn8s +0245C5CK Vo1 [ Ap + V2450185 ) — N 045 — NS (1 —1/Ap)cjvas =
(VasCikzVzts AT + Va15CiCik 005 [ AT + N8 sC01s ) AT) = ConjCiU2ts/ AT, and used Z 1 bjc; =0.

Use Eq.(29) and compare with Eq.(31):

e A has no constant term, = a7 = @12 = a91 = a9z = 0.

S o only=e?t>>  nl,=e"> > n(l,—I1.,) =0, and n,A has only constant term

1 _ _
Fovas’ = Q13 = 31 = 0.

o > Il =¢? Zfzfoo(% —1I,,) = 0, and 7, A has only constant term ———

n=—oo kzvzts”
Q93 — A3 — 0.

o > T,=e?>> _I,=1. Thus using n2A, the first two terms of o33, i.e., terms w'

n=—0o0

0 Qs 2n3 A
and w" are, —ieg > swps[ > n2>\TFn<— k2v2t + 13,7 > > + = ] = —i€y Yy swp [ APz +
z7ztls z7ztls

2Vzts
2WAT

5202 :|:O,:>a33:()andd33:0.

2Vzts

Not used yet: 500 nll, = e P32  p(lesithet 1y = o b3 p(lestlaslanslonny
I,+1_,)=0.

After the above steps, we can obtain Eq. and corresponding coefficients in Eq.. For
examples

b-kzb- o
¢ b11 = Zs ps ZO’ ab T'so Zn nbgl;n J J-O = anj Zaza,b TSUW}ZJSbj(kzbjog/csnj>n2rn/b50'

Csnj

_ 2 12Ty, bj(esnj—kzbjo) _ 2 2
4 bsnjll - Zgzmb Tsawpsnbsn . . = = ZU:a,b TSJWpsbj(l - kzbjO/Csnj)n Fn/bs

Csnj
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® by = Zs w12)8 Zaza,b T'so Zn Zn]‘_‘;z Z Lt an] Za =a,b ngw:isbj(k‘zbjo/csnj)mf‘;.

Csnj

_ 2 ;o1 bi(esng—kzbjo) _ 2 v
i bsnj12 - Zo‘:a,b Tsawpsznrn - Zo‘:a,b ngwpsbj(l - kzbjo/csnj)znrn‘

L bsanl = _bsnj127 byr = —bya.

o boo = 3 Wl D2, Too 20, (07T b= 20,17 307, P20 = 30 ST rpw by (kabjo/Cony) (WL /b~
2b,I" ).

o bonjor = D o2 (2T, /by — 20,12l eni=hebio) — S~ 0 32 (1 — Kubjo/Cony) (R* T /by —
2b,I" ).

o bis = = 20, Wi X, Tar oy nn(VEAL ) 3o,
= = D anj 2o TsoWisbi[bjon s/ (csnjvzts)] V2Arsnly [as.

L sn313 - z Tsowpsnr (\/ 2>\Ts/as) Cong Uzts (Csnjcyvzts/)\Ts + nQ bj())
=D TsoW ps bilci/Ars + nQbjo/ (Csnjvats) |V 2Arsnly /.

L bsnj31 = bsnjl?n b1 = bi3.

° _Zzs psz Tsaz F/ (VZATSCYS)Z M

Jj=1 CsnjUzts

=1 anj Za T'soW ps bj[bjonds/ (ConjVats) |V 2A s s

L bsnj23 = TSO’F/ (\/ 2)\Tsas) Uats (Csnjcjvzts/)\Ts + nfl b]O)
= —iwﬁs 07"50 [cj/Ars + nQ bjo/(csn]vzts)]\/QATSF’nas.

L bsnj32 = _bsnj237 bz = —bas.
b; bjon 02 2 2
g Zs ps Z TSOZ 2)\TSP Z] 1 c. k02, Csnj szts - anj ZO’ rSUwpsb [ Jon Q /(Csnjk Uzts)]2>\TSPn'
i (Csnj—kzbj0) (Vastvztscs)? 2 g, (CsnjCjVzts /AT +bi0ns) (Vas+V2tsC;)
L snj33 Z Tsaw 2)\T5Fn Csn]UQts Zo- Tsawps Cm]vgts 2)\ F

- Za T'seW ps ][(C]/)‘Ts + bjOan/(csnjUzts)](Uds/vzts + Cj)z)\Tan
- Za Tsawf)sbj[(vds/vzts + Cj)cj/ATs + anbjO (Uds/vzts + Cj)/(csnjvzts)]Q)\Ts n
= 20 TsaWpsbi[(Vas/Vats + ¢5)es/ Ars + nQsbjo(1 — nQs/csng) [ (kav2,)|12A7 .

B.3 Parallel propagation

For parallel propagation modes, k; = 0, i.e., by = 0. We have Iy =1, I,20 = 0. I,(z) ~ %(%) ,

when z < n and n > 0. See also, [Gurnett2005 sec. 9.3]
Thus, we have

y22 0 62]{32 C2k52
plobl=| K a0 = [ ) (K ) - Kok =0

0 0 K.
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i.e., we obtain a electrostatic branch K,, = 0, and two electromagnetic branch (noting that
Kyw = Ky and K,y = —K ;)

2]{?2
D(k,w) = Kup — — + iK,, =0,
w?

- 1)[1 + gan(gsn)]}anFn/bsm

a::c—1+z ps Z Tso Z {CSOZ gsn (

Tso

o=a,b n=-—00
}: Ejrw §j{§mzcm ( — D)L+ CuZ(Con)] YinT.
o=a,b n=-—00 Tso

Thus, the two electromagnetic branches are

2 2
D(k,W) = 1__k+ ps Z Tso Z {CSOZ Csn (

Tso
o=a,b n=—00

1

)\TSO'

2k2
= 1" 4 w”; Z Ts01¢s0Z (Con) + (

w?
s o=a,b

- 1)[1 + CSHZ(CSn)]Hn::tl

= 0,

with (,, = W, Nen = “;c_;l?, Wen = w — k,vgs — nfdy. The above dispersion relation is
very simple and can be solved similar to ES1D Landau damping case with the use of exact Z(()
function [Xie2013] (http://hsxie.me/codes/gpdf/).

Note: I (b) = (I = I)e ®, I'(b) = (Iny1+ 1 1)/2, [ =1, Forb—0,Ip=1,1 =1, = g,

B.4 Electrostatic 3D

For electrostatic case, the dispersion relation reduces to Harris dispersion relation [Gurnett2005

sec.9.2]
Z Z kﬂu/Q ) nfd, afso 8fso
Diw, k) =1+ / w—k”v”—nQS(UL 8UL+k”3v”>' (40)
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And for loss cone distribution
N kﬂu/ﬂ ) (18 O fso dfso
D(w,k) = 1+Z Z / w—kHv”—nQ <vl 8UL+k8v”>
kJ_UJ_/Q ) an kZH(U” — Uds)
= 1- 2
Z Z s Z / W — k”UH — nQS [ 2 * v? ]fsﬂa

o=a,b n=-—o00 ULtsa zts
= 1+Z

o=a,b n=—o0o J_tsa kZUZtS Vits
1
= 1+ Z Uza:b TSU Z {Uj_tsg- k Vot (Csn) 'Ugtg [1 + gan(gsn)] }Fn(bsa>

= 1 Y 2 3 TG +<mz<<m>]}rn<bw>

Z 7,30477- Z / UJ_dUJ_JQ nQ ! Z(Csn)+ ; [1+<an(<sn)]}fSOJ_a

o=a,b
—k 2Uds — /\Tsa)an
— 14 Z 5 AQ {1 v Uzabrsg n_zoo k o Z(Csn)Fn(bso)}, (41)
After J-pole expansion,
Dlok) = 1+ Y {1+ e o St O tndi ey e )
) — k’2>\2 =, san__oo L s J\Ssn )+ n\Yso
0w kvgs — (1= Apso )€ = b
- 1 {1 so J Fn bso }
+ Z m + Z n_zoo o Z o Talbo)
00 J b
~ 1 +Z /m {1+G:abrwn_z_oorn boo ) o — koas — (1 — Apeo)824] ;w Csm}
o > o Csn] k'zvds - (1 - )\Tsa)an]
N 1_‘_2]{2)\ {1+0 abrsgnz—ool—‘n v ( 1+Z w—Csnj >}
0o J
b'[csn' - kzvds - (1 - )\Tsa)an]
=1 { so Fn so ] ] }
" Z k2)\2 ! n_X_:OO ) ; R
b
=1 =) 42
+ %j: W — Csnj ’ (42)
where we have defined cg,; = k.vgs + n€ds + k. v..c; and used Z}]:1 bj = —1, and by,; =

Za:a,b #?%TSUFn(bsg)bj [Csnj_kzvds_(]-_)\Tso')an] - Za:a,b #%Srsorn(bsa)bj(kzvztscj+>\Tsoan)-

The equivalent linear system can be

Whgp; = CsnjMsnj + bsnan (43)
wk - = anj (Csnjnsnj + bsnjE)'
Note that we use wE = ..., not directly £ = — > n,; is to make the linear matrix M be sparse

inwX =M - X, with X = [ng,;, E]".
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If we further set k;, = 0, the ES3D case reduces to ES1D, i.e.,

00 J
1 bilCsnj — k2vas — (1 — Apge)n€2s]
D(w, k) =~ 1+Z—k2)\QD{erZF Z o= o }
o=a,b n=-—00 j=1 sn.

o (cs(]j - kzvds)

- HZ%Q%SZ; o (44)
bso

=1 =0

* Z W — Cs0j ’

due to that I';,40(0) = 0 and I'y(0) = 1.

Last update: Saturday 27" October, 2018 16:33.
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